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1 Introduction

""The series “70 +2.> (a, cosnx+b, sinnx)converges, and indeed uniformly, if Y;(la,|+[b,|)
converges. Apart from this trivial case the convergence of trigonometric series is a delicate
problem”. A Zygmund, “Trigonometric Series”, Volume 1, Cambridge University Press,
1959, page 4)

Fourier theory is a profound subject which is like a mathematical version of kikuyu grass with
runners that go in every direction and eventually cover the entire ground. Learning it as a stu-
dent only gives you the smallest of insights into the breadth of the subject but one has to start
somewhere. In this paper what I have done is provide the essential building blocks of Fourier
analysis in terms of the integral transform and in so doing I have followed the approach of Elias
Stein and Rami Shakarchi in their superb Princeton Lecture Series [3]. There is a handful of
basic properties which, when applied to the study of differential equations in particular, will take
you a long way. To this end I have set out the basic properties with detailed proofs based upon
the assumption that the functions inhabit Schwartz space. One can do Fourier theory without
referring to Schwartz space and indeed this is done in many introductory courses, but ultimately
you will need to visit Schwartz space. Indeed, as will be shown shortly, the fact that it is possi-
ble to get away without Schwartz space is instructive in itself because the theory still works. In
engineering contexts this sort of detail is generally skated over but for those who want to really
know why the theory works as well as it does you have to get your hands dirty with the nitty
gritty of functional analysis. At one level Fourier theory is schizophrenic - it is possible to teach
it with relatively little rigour even though analytical tripwires cover the entire ground, or one
can adopt a highly analytical approach which can obscure the remarkable physical aspects of
the theory. I have tried to steer a middle course and to do so I chosen a variant of the basic heat
equation and the Black-Scholes partial differential equation as mechanisms to demonstrate how
the theory works in detail. To give an idea of the sheer scope of Fourier theory here are some
examples.

Typical applications of classical Fourier analysis are to:



e Frequency Modulation: Alternating current,radio transmission;

e Mathematics: Ordinary and partial differential equations, analysis of linear and nonlinear op-
erators;Number Theory;

e Medicine: Electrocardiography, magnetic resonance imaging, biological neural systems;

e Optics and Fibre-Optic Communications: Lens design, crystallography, image processing;

e Radio, Television, Music Recording: Signal compression, signal reproduction, filtering;

e Spectral Analysis: Identification of compounds in geology, chemistry, biochemistry, mass
spectroscopy;

e Telecommunications: Transmission and compression of signals, filtering of signals, frequency
encoding.

For a contemporary application of Fourier theory and wavelet theory in the context of analysing
climate change, see mathematical physicist John Baez’s Azimuth Project: http://johncarlosbaez.
wordpress.com. His website contains material which explains how Gabor transforms are used

in the context of searching for patterns in the Southern Oscillation Index data. That index is
relevant to El Nino and La Nina phenomena.

The discovery of the double helix structure of DNA is contained in the famous x-ray diffraction
”photograph 517 generated by Rosalind Franklin and Maurice Wilkins and they used Fourier the-
ory and Bessel functions to define the structure in a form that looked like this: F,, = J,(27rR) ¢¢*+3)
where J,,(u) is the n™ order Bessel function of u [see [1] ]. James Watson who, along with Fran-
cis Crick, shared the Nobel Prize for the discovery of DNA apparently sneaked a look at the
X-ray photograph on Franlin’s desk and realised that it implied a double helix structure.

Even more remarkable at one level is the use of Fourier theory in number theory. An impor-
tant example is Timothy Gower’s proof of Szemerédi’s Theorem [19] which states the follow-
ing:



Let k be a positive integer and let 6 > 0. There exists a positive integer N = N(k,d) such
that every subset of the set 1,2, ...., N of size at least 0N contains an arithmetic progression of
length &.

The proof involves consideration of subsets of Zy where N is prime and for a function f : Zy —
Cand r € Zy. We set:

A

f(r) = Ysezy f(s)w™ where w = e . The function f is the discrete Fourier transform of f
and is used widely in analytic number theory. Indeed in his paper [19] Gowers makes the point
that four fundamental properties of the Fourier transform so defined are used repeatedly. Thus
if the convolution is written in non-standard form as:

f#8(8) = Yiezy, F(0) gt =)

then the following four fundamental identities hold:
(f*9)(r) = f(r) 3(r)

3, f()3(r) = N 3 f(s) g(s)

SAFAP =N S f)P

[ =5 2 f(nw*

The first identity tells us that convolutions transform to pointwise products, the second and third
are Parseval’s identities and the last is the inversion formula.

Beyond Fourier theory is wavelet analsyis and more. The applications that are being developed
for wavelet analysis are very similar to those just listed. But the wavelet algorithms give rise to
faster and more accurate image compression, faster and more accurate signal compression, and
better denoising techniques that preserve the original signal more completely. The applications
in mathematics lead, in many situations, to better and more rapid convergence results.

2 Background

At its most basic level we can guarantee the existence of the Fourier transform and its inverse
with a simple test that doesn’t require profound analysis. Thus if f_ o:ol f(x)|dx < co then ¥ f and
F*f = F~! f exist and are continuous.

We can establish existence by noting that:
F 1@ = | [ 00 e da] < [ 1 lle | dx = [T 1l dx < oo
Continuity follows from the following estimate for any & and &

FFE-FFEN = | [, f e dx— [ e dx| = | [, fx) (e72705 - ¢72m¢') g
< L":olf(x)l |e—27rix§ _ e—27rix.{~”| dx



Because f:olf(x)l dx < oo we can take the limit g/ — £ 5o that e 27X — e 2| 5 () and we
get|F f(E)—-F f (&) = 0as& — & This shows that F f is continuous and we can replicate the
argument to show that #* f is continuous. The argument can be made rigorous with the usual
€, 0, N paraphenalia and there is plenty of that to come.

The fact that the Fourier transform is continuous is non-trivial. The classical electrical engi-
neering function (which reflects a physical reality - just connect an oscilloscope to the appro-
priate circuit) of the ”box” function or square wave I1(£) which is 1 on the interval [—%, %] and
zero otherwise. It is discontinuous but its Fourier transform is: TI(¢) = f_ O:o e T TI(x) dx =

1 , o 1
f 2 2% (x = sinc &, which is continuous. Note that f_ S [dx = f 2 1dx = 1 so that
-3 —32

IT € L'(R). Now here’s the problem. The sinc function does not satisfy the simple absolute
integrability condition mentioned above. In fact, f_ o:ol sinc x|dx = oo. If sinc x were absolutely
integrable we could be assured that its Fourier transform - which is T1(£) - exists and is con-
tinuous, but we know that II is not continuous. One can establish that sinc x is not absolutely

integrable by a careful estimation process which is instructive in that it shows that although
. _ |sinmé
Isinc &] = RE

the integral.

— 0 as & — +oo, the % factor does not do so fast enough to get convergence of

1 if ¢l < 1
Now it can be shown with some pretty subtle analysis that f_ o:o e 2% sinc xdx = {0 . :z: ?

1 > 2
Note that you have two oscillatory processes going on in the integrand and they operate in a
way to achieve cancellations and this is in itself a subtle process that is indicative of the field. It
gets worse. Try to find the Fourier transform of something as basic as cos 2zx using the ideas
developed above and you won’t succeed notwithstanding the fact that a cosine signal or a sine
signal underpins western civilisation! This problem is ultmately resolved with the theory of
tempered distributions and you get %6(5 -+ %6(5 + 1) where 6(x) is the Dirac delta ’function”.
Indeed, if you pick up a book on spectroscopy, for instance, you will find something like the
following (see [21]):

o) = [

" etTisds = F(1) = [ cos(2nts)ds

Suffice it to say that the world of spectroscopy has not crumbled under the weight of such
unrigorous formalism, yet the full justification for such matters does require quite a bit of work
on generalised functions which is not the purpose of this paper. To read more on the details of
generalised functions see [22].

In short the full theory of tempered distributions (see [20] or more specialised textbooks for
more details) provides a rigorous foundation for all the usual suspects” of the real world of
electrical engineering and signal analysis and much more. What follows is a basic introduction
to the characteristics of the Schwartz space to show the power of the concepts of “tempered
distributions” and “generalised functions”.

The fact that the e"”‘2 is its own Fourier transform is one of the most fundamental and in-
teresting facts of Fourier theory. The crux of the Heisenberg Uncertainty Principle is that if



something is “localised” in one space it is ”spread out” in another. In other words, in some
general sense a function and its Fourier transform cannot be fundamentally localised. More-
over, the Gaussian e (subject to some scaling) causes the product of momentum uncer-
tainty and position uncertainty Ap Ag to be minimised. [see [1] page 19 ]. The Fourier trans-
form is a bijective mapping on the space of Schwartz functions (for a proof see [2] pages
140-142). Thus the Gaussian e¢™@ xz, where @ > 0, inhabits Schwartz space and is a fixed
point of the space. If ¥ represents the process of taking a Fourier transform of a function,
7’(6‘”2) = ¢ where F(Hx) = f&) = f_ O:o f(x) e~ dx while the inverse transform is

given by F*(/)(€) = [ " (&) ¥ d¢. Thus in the case of e™™ we have F*(e ) = e or
F* o F = I. This is proved later. (Note that 7* = ¥ ~! to save a keystroke!).

The Schwartz space of functions comprises those functions that decay rapidly enough so that
the basic manipulations of Fourier theory work “nicely”. Indeed, once we are in Schwartz space
we can do the mathematical equivalent of terrible things to small furry animals without getting
arrested! More specifically, the Schwartz space on R (denoted by S(R)) is the set of all indefi-
nitely differentiable functions f so that f and all its derivatves f” are rapidly decreasing in the
sense that:

sup |x¥ | fP(x)] < oo forall k, 1> 0 (1)
xeR

Some authors prefer to write (1) in the equivalent form:
sup,cg (1 + [x)¥ [ fO(x)| < oo forall k,1> 0

That this form is equivalent to (1) can be seen by noting that (1 + IxD¥ is simply a polynomial
each of whose terms satisfies (1) and so the finite sum of such terms will also satisfy (1).

This form immediately avoids any issues at x = 0 when performing estimates of the general
0 o crdx
form [ |f(0ldx < [ R

Schwartz did not pull (1) out of the air but unfortunately many expositions of the concept do just
that. Schwartz space S(R) sits between Cy (R) and L(R) such that its functions are invariant
under ¥ ie you stay in Schwartz space under #. If we suppose that f(x) and x f (x) are both
integrable then we can show that the Fourier transform f(¢) is differentiable with respect to &
and in fact:

Z—? = F(2mixf(x))

Using induction we can then establish that if x* - f(x) is integrable for every integer n > 0,
then the Fourier transform is an infinitely differentiable function. Going a bit further, if f is a
continuously differentiable function such that both f(x) and f’(x) are integrable and such that
limy e f(x) = 0, then limg,e0 € - f(¢) = 0



One can think of Schwartz functions either in terms of bounded products as in (1) or as limit
property:

Limit property - boundedness equivalence

Thus if £ € C®(R) then limyj—eolxl* [ fP(x)| = O for all integers k, I > 0 if and only if
sup g [x“ [fP(x)] < oo for all k, 7> 0

(1) contains a great deal of information since one can independently fix k£ and /. The Schwartz
space therefore consists of smooth functions whose derivatives (including the function itself ie
when [ = 0) decay at infinity faster than any power. Not only do we have continuity of the
Schwarz functions, even better, we have uniform continuity when we choose a closed interval.
In (1) when [ = O we have sup, g x| | f(x)| < oo for all k. This gives the hint of the basic
form of f(x) since we know that the exponential e* grows faster than any power of x (and hence
its inverse decays correspondingly faster) so it makes sense that a function such as e, for
instance, inhabits the Schwartz space. It is, of course, infinitely differentiable.

Clearly if p(x) is any polynominal then p(x)e‘x2 also lives in the Schwartz space because

Schwartz functions fall off at infinity faster than the inverse of any polynomial. Looking at the
derivatives of e™* we see quickly that they are of the form p(x)e™ , eg f®(x) = (4x2 —2) e~
The following graph shows the boundedness and smoothness of |x|* |(4x* — 2) e‘le forO0 <k <
10.
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It is worth noting here that S(R) C L”(R),Vp 1 < p < co. This follows since |x|? | f(x)| — 0 for
|x| = co. This implies that |x|*” | f(x)|? is bounded, ie AM > 0 such that |f(x)|” < M|x|"? < X

[x]
for |x| > 1. Thus f|x|>1| FOP dx < f| M dx < oo

=1 2

Note that ¢ ™™ does not live in the Schwartz space simply because of the lack of differentiability
at x = 0 notwithstanding the fact that it does fall off rapidly at infinity. Another example of a

(+PF (TP

zero for any k as |x| — co. For instance, when k = 10% and —100000 < x < 100000 the product
looks like this:

function that does not live in Schwartz space is f(x) = does not decay to
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The function f(x) = e sin(exz) is not a creature of Schwartz space because f’(x) does not
decay to zero as |x] — oo. This can be seen noting that f’(x) = 2x cos(exz) —2¢* x sin(e)‘2 )
so that when x is large the derivative is dominated by the first term whose absolute value is
unbounded. The second term goes to zero because xe ™™ = 0as x — oo.

The Schwartz space concept emerged out of Laurent Schwartz’s rigorous development of dis-
tribution theory during the Second World War (how he did this is a story in itself). In the 19"
century the proof techniques were centered around very intricate limit style proofs which in-
evitably had to show on a largely case by case that if you took some essentially arbitrary function
f(x) and you multiplied it by e~ and integrated, you actually got something that converged.
Indeed, Fourier’s original (and outrageous) assertion was that any periodic function could be
represented by the series named after him. Thus Fourier believed that you could take his Fourier
coefficients ¢, = 3~ [’ 7; f(x)e™* dx and you would get an infinite series Y,"=> ¢, ¢™* which
converges to f(x)ie f(x) = Y= ¢, ¢*. This idea met resistance at the time (Lagrange and
Poisson were strong opponents of his general approach) and led to many subtle and intricate
limiting arguments as parts of the theory were verified during the 19" century. Dirichlet was
responsible for many important foundational results. Fourier was wrong in terms of the fine
detail but his instincts were right - the Zygmund quotation given at the beginning of this paper
captures the spirit of things - Fourier theory is a delicate matter. Even during the 20" century
there were doubts about aspects of the theory and it was not until 1966 that Lennart Carleson
showed that for square integrable functions on [0, 1] the Fourier partial sums converge pointwise
almost everywhere. The proof is difficult to say the least. Carleson actually tried first to disprove
the result and in an interview after he won the 2006 Abel Prize he elaborated on the history of

the proof [16].

A classic example of how Fourier theory was approached in the 19" century involves the treat-
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ment of the unit box function defined as follows:

1 if [x < 4

f ={ @

0 if x] > 4

Because f has a discontinuity at x = % it was Dirichlet who came up with the idea of replacing

S(x+0)+f(x-0)
2

the value of the function at the point of discontinuity by . Thus in the case of the

unit box function f (J_r%) = % The Fourier transform of the unit box function is the sinc function:
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Now f is clearly not in Schwartz space since it is discontinuous at x = i% yet it has a bona fide
Fourier transform. The conditions Dirichlet required for the basic theorem were that f_ D:o [f(o)ldx <
oo and that f and f° are piecewise continuous on every finite interval while at a point of dis-

continuity f(x) is replaced by w. Under these assumptions, at each point where the
function’s one-sided derivatives exist, the function can be represented by:

1 OO OO
=1 fo f F(&) cos[alé — )] dé da 3)

For the details of the intricate limiting arguments that Dirichlet used to establish (3) see Churchill’s

book ( Chapter 6, [17] ). I will not reproduce them here but they were the ’bread and butter” of
traditional Fourier theory courses.

Now if (3) is valid (and it is because f satisfies the hypotheses of the theorem) we should be able
to show that f (i%) = % Performing the integration we see that:

1 1 [z
fx) = - f f f(&) cosla(§ - x)]déda = — f f cos[a(§ — x)] d¢ da
T Jo —c0 T Jo -4

_1 f‘” [MF o = lfoo [sin[a(% -0l sinfa(-3 - x)]]
I 0 a -1 T r o >

a

1 sin% CcOSs ax
:—f 22— da 4)
T Jo a

da

Hence from (4) we see that:



1 1 ([ _sin§ cos5 1 (™ si 1 1
f(—):—f Z#da/:—f M do==-2 =2 )
2 0 @ 0 T2 2

T T [04

Similarly, f(_%) = % . The proof that fooo sina 7o = 5 can be found in [17, pages 85-86] which

@
I have set out in expanded form in the Appendix.

In broad terms with the Schwartz space of functions, the focus is on establishing the decay char-
acteristics of the functions so that they decay sufficiently fast to damp out the intrinsic oscillatory
behaviour of the exponential term in the integral. Once you define the appropriate rate of decay
one can then perform generic limiting arguments with a degree of relative simplicity. It quickly
becomes possible to say with confidence things like “This will be small because f is rapidly de-
creasing” without resort to tedious €, N style arguments. Indeed, you can compress many steps
in an otherwise detailed proof with such broad references and the chances are you will be ok!
Stein and Shakarchi ([2] pages 131-134) briefly set out the foundation for the Schwartz space
approach by first considering the space of "moderately” decreasing functions. These functions
are assumed to be continuous on R and there exists a constant A > 0 such that | f(x)| < 1?7 for
all x e R.

The problem of convergence has practical dimensions in the context of quantum physics be-
cause Feynman’s path integral which arose from Feynman’s investigation of an integral that

i€ 771(x—y)2

looked like this: f el 222 Y(y,1) % where W(y, t) is the wave function, reflected the basic

all space
characteristics of Fourier-style integrals.

In this paper I prove some basic facts which are essential building blocks for more complex prob-
lems. For instance, in the theory of the heat equation you have to evaluate a somewhat daunting
looking integral of the form f_ 0; (4 E+(1-a)2mié)t p2miéy dé¢ and some of the techniques explored
below are relevant to solving that type of problem (see below for how this particular integral is
solved). Later in this paper I deal with the heat equation and its relevance to the solution to the
Black-Scholes equation.

3 Physical considerations

The Gaussian kernel (and the Dirac function for that matter) are not mere mathematical abstrac-
tions invented for the delectation of analysts. In fact physics drove the development of the Dirac
function in particular. In advanced physics textbooks there are derivations of the Maxwell equa-
tions using microscopic rather than macroscopic principles eg see [section 6.6 of [14] ]. If you
follow the discussion in that book by Jackson you will see that for dimensions large compared
to 10™*m the nuclei can be treated as point systems which give rise to the microscopic Maxwell
equations:

10
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Here e and b are he microscopic electric and magnetic fields and 7 and j are the microscopic
charge and current densities. A question arises as to what type of averaging of the microscopic
fluctations is appropriate and Jackson says that “at first glance one might think that averages
over both space and time are necessary. But this is not true. Only a spatial averaging is nec-
essary” [[14] , page 249] Briefly the broad reason is that in any region of macroscopic interest
there are just so many nuclei and electrons so that the spatial averaging ”washes” away the time
fluctuations of the microscopic fields which are essentially uncorrelated at the relevant distance
(107m).

The spatial average of F(x, f) with respect to some test function f(x) is defined as:

(F(x,1)) = f F(x —X',1) f(x')d>x’ where f(x) is real and non-zero in some neighbourhood of
x = 0 and is normalised to 1 over all space. It is reasonable to expect that f(x) is isotropic in
space so that there are no directional biases in the spatial averages. Jackson gives two examples
as follows:

3

_ ) r<R

and
2

f(X) = (xR?) 3¢ @

The first example is an average of a spherical volume with radius R but it has a discontinuity
at r = R. Jackson notes that this ”leads to a fine-scale jitter on the averaged quantities as a
single molecule or group of molecules moves in or out of the average volume” [ [14], page
250]. This particular problem is eliminated by a Gaussian test function “provided its scale is
large compared to atomic dimensions” [ [14] , p.250]. Luckily all that is needed is that the
test function meets general continuity and smoothness properties that yield a rapidly converging
Taylor series for f(x) at the level of atomic dimensions. Thus the Gaussian plays a fundamental
role in the calculations presented by Jackson concerning this issue. The article upon which
Jackson’s comments are based is that of G Russkaoff in [15]. Jackson gives as an example of the
type of Gaussian test function something like the following [see [14], p.250 Figure 6.1]:

11
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The Mathematica code to generate this graph is as follows:

1

glx /; 0< x< 1/2] = e[
glx /;x=0] :=0;
glx /;xz 1/2) :=1;

c=Plot[g[l+x]+*g[l-x], {x, -2, 2}, PlotStyle - Black ]

Note that the function in the above graph is infinitely differentiable and is bounded.

4 Some building blocks

Proving the various fundamental building blocks of Fourier transforms on Schwartz functions
necessarily involves proving that an infinite integral converges. The analysis thus revolves
around the ”hump” and ’tails” of the integral estimates. Broadly, the tails will be small be-
cause the Schwartz function |f(x)| will be rapidly decreasing for large values of x. To get the
hump sufficiently small one will usually need to use the fact that the Schwartz functions are uni-
formly continuous on closed, bounded intervals. The details will become clearer in the examples
which follow.

In what follows we assume that f inhabits the Schwartz space. The Fourier transform of f is:

12



f@) = f 00 2 dx ©)

There are other ways to define the Fourier transform. Other possibilities are —— f f(x)e % dx,

f_ o J(e” i€x dx and f_ - f(x)et¥* dx. In quantum physics if ¥(x) is a one dlmensmnal wave

function, its Fourier transform (p) is conventionally defined as \/#7 f_ O:o Y(x) et dx where
— i : ’ . . ; 00— ipx

h 1_4é3]a;ld h is Planck’s constant. The inverse transform is then o f_ SW(p)ew dp (see[3],

p- .

The “magic” of Fourier theory enables us to get back to f(x) as follows:
f = f f@ e dg 7

That one can do this is due to the Fourier inversion theorem which is proved later.

Let’s start with the Fourier transform of ' (x) because without this little “engine” we couldn’t do
anything very useful with differential equations. It turns out to be 27i¢ f(£). Thus under Fourier
transforms differentiation transforms simply as a product of a multiple of the transformed vari-
able and the function’s Fourier transform. So if you have a partial differential equation such as:

ou  0%u

== 8

ot 0x? ®
where u(x, f) is a function of spatial and temporal dimensions ((8) is in fact the basic heat equa-
tion) there are advantages in taking the Fourier transform of both sides with respect to the spatial
dimension. Using the rule (twice in the RHS of (8) ) we have not yet proved you get:

&, n _
—4n & u(é, t 9
Yy mE E, 1) )
Note that the Fourier transform of a“(x D with respect to x is:
o(x,t
f (;ft) ~2rixé g = & f u(x, ) e~ g = —u(g ) (10)

13



That this is the case follows from the rules in relation to differentiating under the integral sign
(Leibnitz’s rule) - remember we are in Schwartz space so we can do terrible things to small furry
animals with impunity! More details can be found in the Appendix.

Since (9) is just a garden variety differential equation in ¢ if we fix &, you will get @(&,1) =

A() e~4E1 To see this use the integrating factor e E a5 follows:
0 o, t
€. ) ATEN — e4n2521{% + 478 W, 0] = 0 (11)

Hence (¢, 1) ATE = A(¢) (ie some function independent of ) and so @(&,1) = A(€) eArE
Because (8) will involve initial conditions we need to also take the Fourier transform of those
conditions and we ultimately end with up with:

W 1) = g(@) e ¥ (12)

This may not look like it helps but it does because on the RHS of (12) we have a Gaussian and we
know that the Fourier transform of a Gaussian is another Gaussian (generally with a scale factor)
so the RHS of (12) is essentially the product of two Fourier transforms and it is a basic result of
Fourier theory that the Fourier transform of a convolution of f and g is (&) 8(¢) ie:,

e, 1) = (F* )& = f € =gy e ™ dy = f(£)8(&) (13)

To get back to u(x, t) we use Fourier inversion: ¥ *{(m)(f)} =5 {T(u(x, t))} = u(x,t) . Note

that u(&,1) = F {u(x, t)}. In the case of the Black-Scholes equation which has its roots in the heat
equation, using these Fourier transform techniques on the partial differential equation which
looks like this for 0 < ¢ < T

V=0 (14)
A

you get a solution that looks like this:

V(s, 1) = (15)

s*

2
e (T=D foo ~(log( < )+(r- G- )(T-1)? ds*
0

e e 2(r2(T—t) F(S*)
\2r0 (T — 1)

14



5 Proofs of some basic transform properties

1. f' (x) - 2nief(&)

To prove that f'(x) — 27ié f(£) just apply the definition of the Fourier transform and use inte-
gration by parts. Thus we have:

f ' £ (x) e gy = [ f(x)e 2 ]_ + 2mié f " F(x) e 7 gx (16)

Now as n — oo, the first term in (16) goes to zero. To see this we have to go back to the
properties of Schwartz functions.

From the definition of Schwartz space we can take / = 0 so that sup . [xf¥ f(x)] < ooforall k >0.
Because this is a global bound, this means that for any n # 0 we care to choose, ds > 0 such
that |n|*| f(£ n)| < sforall £ > 0. Thus if we are given any € > 0 we can choose k large enough
so that W < €, a property which holds for any n we choose. So |f(+ n)| < W < € for this k. In
other words |f(+ n)| — 0 as n — oo. Note that at n = 0 we know that f is continuous and hence
is bounded on any closed interval so that it does not blow up.

Applying this estimate we see that:

|f(n) e 1€ = f(=n) ¥ €7| < |f(m)| + |f(-n)| < €+ € (17)

This establishes that [ f(x)e27ie "]n — 0 asn — oo and so we get the result we wanted. Al-
. . . - . . .

ternatively, if one uses the limit form of the Schwartz space definition this last estimate comes

immediately since limjy—|f(x)] = O (setting k = 0 in the definition).

Note that the definition of Schwartz space functions allows us to inductively assert that aj|x| | f(x)| <
s1, aslx)? [f(X)] < 82,....an]x" | f(X)] < s, sothat |P(x)||f(x)] < S where P(x)is a polynomial. This
means that f decays faster at infinity than the inverse of any polynomial. This fact is used in
some later estimates.

2. —2xix f(x) — 5175 {(3)

To prove this we need to establish that f is actually differentiable (which ought to be the case
given that f lives in the Schwartz space) and actually find the derivative. We start with this
difference which is the definition of the derivative:
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fE+h - f©&)
h

co —2nix(E+h) _ —2nixé .
[ f(x)e fx)e T 2ix £(¥) e—2mx§] dx

— (=2mix f)(€) = f p

e—2ﬂixh -1

= I B f(x) e—z’”‘)‘f[T +2mix|dx =1 (18)

It is common in dealing with estimation problems such as that posed by (18) to break the integral
up into three parts as follows:(—oo, —N), [N, N] and (N, co0) and to use relevant properties such
as rapid decrease in the case of Schwartz space functions perhaps in combination with continuity,
uniform continuity or differentiabilty as appropriate to ensure that the estimates are sufficiently
small. In the case of (18) we can use the rapid decrease of f(x) and xf(x) to make the tails
of the integral in (18) sufficiently small. The tails are usually the easiest part of the estimation
problem whereas the middle “rump” tends to require more subtle estimates. Note here that if f
is in S(R) so is xf(x) which follows directly from the definition in (1) where one could simply
write sup g [X[*! |x fO(x)| < oo forall k > 1,1 > 0.

An important property of f is that f|x|>N|x| lf(x)]dx — 0as N — oo. To see this we note
that because f is in Schwartz space it is bounded and rapidly decreasing so 3B > 0 such that

x| |f(x)] < C for some constant C, for all |x| > 1. Thus, |x||f(x)| < % and so for any € > 0 we

|
can find an N such that [ I [f(x)ldx < [ G dx=2C <e.

Our two (the tails are compressed into one) integrals are:

) e—27rixh -1
I = Fx) e 2 ————— + 2nix| dx (19)
Ix|>N h
N ) e—2m‘xh _
L= f F(x) e ———— + 2nix| dx (20)
Y h
Thus:
I=L+1 (21
so that:
] < || + |1 (22)
Now:
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e s 27rixh] | i

| 27rix‘f[e_2mx}l -1 ] |
11| < f f(x)e | ———— + 2mix| |dx < f
Ix|>N h h

|x|>N

OlE

|e—2ﬂ'ixh _

|
<2r valxl Lf ()l {W +1}dx (23)

In relation to (23) we know that because of the rapid decrease of f we can make f

e/ (Ol dx <

—27rixh_1|
[27ixh|
note that for any real @ the following inequality holds: e’ — 1| < |6]. That this is the case can be
seen as follows:

le

€ because xf(x) is rapdily decreasing. To make fIXI> N|x| lf (x| { + 1} dx small enough we

i 0 i i i i i0 . 9
— 1] = le2e? —ere 2| = le2|le2 — 72| = |251n§| <

i0 2@

le = 6l (24)

—2mixh _ 1 |

Thus, &

Demy T1S1+1=2

Note here that this is a more refined bound on |¢ — 1| than the obvious one of 2 which would
lead to an argument about the relative decay of |x| | f(x)| (m +1).

Thus we see that:

2mixh _ 1 |

| = 27 f|x|>N|X| [f ol {% + l}dx < 4n f|x\>N|x| |f(x)|dx < 4me using the fact that
il f @ Ixldx < e.

We now come to |I| which requires a slightly different line of attack because the interval con-
tains the origin and even though f will be bounded at the origin we need to be sure that the
integral is still sufficiently small when N is large. If we fix x and let g(h) = e~ 2" we know that
g'(h) = —2mix e~ 2" gand so g'(O) = —2mix. Note that g(0) = 1. In fact there is some iy > 0
such that for |h| < hg we have:

e—27rixh -1
h

—2mixh _ 1
- (—27rix)| - |eT + 27ix| < %v (25)

E*ZITIIX}’L -1

The reason that (25) holds is that
8(M—g(0)
R

+ 2mix converges uniformly to zero as & — 0 for all

x € [-N, N]. In essence it is — ¢'(0) which ought to converge uniformly to zero as & — 0
for any x € [-N, N] because the derivative at issue is continuous on the compact interval [-N, N]
and hence uniformly continuous. This can be shown in more detail as follows. Fix x € [-N, N]
and take |h| < || < |hol, and note that by the mean value theorem we can find Ih'| < |h| such
that 1<~ = 2mxh’|.
Then

’ . . . ” —2mixhy _
= |2nrxh | and similarly there is a | | < |h;| such that such that %

17



e—27rixh -1

—2mixh _ 1 . —2mixh’ _ 1 .
|e W + 2mix — S W + 27nx}| = ’ h - { W }|
e—27rixh -1 e—27rixh’ _ |e—27rixh _ I |e—2ﬂixh’ _ 1|
<[ [ = el P

< [27x| 27xh | + 27x]| 2nxh” | < 4n2 2O | + 1)) < 4n2N? 2lho| = 872N% |hol < €  (26)

: €
if |h()| < SN

estimate since we know from (24) that

This establishes the uniform continuity. It is worth noting the subtlety of the

le”~1]

S 1 which is too big a bound to get the uniform
le— . . . .
continuity estimate to work. It is also worth noting that le 7 I = |smc§| which is uniformly con-

tinuous: http://www.gotohaggstrom.com/Uniform%20continuity%200f%20sinc%20x.
pdf

Thus we have:

—2mixh __

+ 27rix] dx’ < ‘[_Z |f(x)’ H% + 2m'x]|dx

—2mixh _

N
|| = ’f_Nf(X)e_z”ixf[—e ; !

N €
sf B=—dx = Be (27)
N 2N

since 4B > 0 such that |f(x)| < B on [N, N]. Putting the two estimates together we have:

|I| < 4me + Be < Ce (28)

Hence the result follows. Note that Property 2 is a form of differentiation under the integral sign
since it says j_f f_ozo f(x) e gy = f_":o(_zmx) F(x) €27 gy

3. f(x + h) - (&) ™ for h e R

To prove this we note that F(f(x + h) = f_ o:o f(x + h)e ¢ dx and then make the substitution
X' = x + h so that f_ozo f(x + h)e™ 7% dx = f_o; F(x)e =M gy = f(&) 2T

4. f(x)e2xh _ f& 1 h)yforheR
T(f(x)e_z’”‘h) — Jj’:o f(x) o~ 2mixh o=2mix¢ g\ — fj:o f(x) e~ 2mi(+hE gy — f(é; +h)

5. £(6x) — 6 1f(571) for 6 > 0

Consider ’ f_ ]jv F(6x) e 2 dx — 57! f_ ]jv f(x) ¢ 2mixg dx|. Without loss of generality we can as-
sume ¢ > 1. If 0 < 6 < 1 the limits of the relevant intervals are reversed.

18



SN - N N

N . 1 N .
‘f f(&x) e—27rtx§ dx — = f f(X) e—27rtx5 dx‘
-N

‘ f(x)e mea dx — — f f(x)e 2mxb dx‘
0 N

’ f(x)e 2mxé dx — f f(x)e 2mxb dx’
6 —ON

e y y y " )
= — ’ f f(x) e—ZmXS dx + f f(x) e—lmxg dx + f(x) e—2mxg dx — f f(x) e—2mx§ dx‘
6 —ON N N

’ f f(x)e” 2705 g + f f(x)e” 2rix§ dx’
1 1 N o N g
SE{Ia |f(x)|dx+\fN If(x)ldx}SS{IﬁNde+L de}

JBNGE-1) 256 1)
= SNk SNk

—0asN — o0 (29)

Note here that we have used the same logic as applied in the lead up to (17).
What (29) shows is that [~ f(6x) e dx — 1 [ f(x) =755 dxie £(6x) — 6~ f(571€)
6.If f, g e S(R) then f x g € S(R)
To prove this we need to show that:
sup [x“|(f = 9P| < 00 V120 (30)
xeR
First start with / = O to show that:
sup [x[*|(f * g)(x)| < 00 Wk 20 €1y
xeR

To prove (31) the idea is to break up the domain in a way that uses rapid decrease of the functions.
First suppose that |x| < 2|y|: Then:

IxF lg(x — y)l < 251FB < 251 + y))* B < Ax(1 + [y)F (32)
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since g € S(R) its is bounded by B, say. Note that A; = 2kB.

The significance of this estimate is that the RHS of (32) is just a polynomial and we know that
a Schwartz space function will decay more rapidly than the inverse of any polynomial and we
will use that fact shortly.

The second step is to assume that |x| > 2|y|. Then:

k
gt

< = B2k (33)
|x — yl* ';_',f

Ik lg(x = )| < [xf

where we have used the fact that [x — y| > ||x| - |y|| > % because |y| < % B’ is a constant.

Thus we have:

I lg(x — )l < B 28 <2 (1 + ) B’ = B (1 + |yt (34)
If we choose Cy = max{Ag, Bi} we can bound |x[* [g(x — y)| by Ci (1 + |yD¥.

So going back to (31) we have:

suﬂglxl"l(f*g)(x)l—suplxl" f fO)glx—y)dy| < C f I+ ) dy <00 Yk 20
(35)

That (35) is true follows from the fact that |f(y)| decreases faster than the inverse of any polyno-
mial in |y| so the integral is bounded for all k > 0.

Alternatively we can demonstrate the required boundedness in a more detailed way as fol-
lows:

[ rosu-nal<| [ soee-ar [ soew-nl
oo i< >4
<. Vol las + S lrollece=vla

sf ol [ blrolay
< lx =yl |y|>‘21I

2m+1
<an [ 0Ny + b f b 17|70 dy

a,, b2™ m
< o Ady + — | f o) dy
|x] i<l ™ sl 2
_nld B2"B _ Ay Bu _ Gy

= |x|m+1 [x[™ = |xm x| - x|

(36)
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This shows that (f * g)(x) is bounded for all x € R, for all m > 0. Thus f « g € S.
We still have to show that sup g |x|’ |(f * g)®(x)| < oo for k > 0. We first establish that:

(oo =(re () =12 )

k
We know that A(x) = (%) g(x) € SR) if g € S(R) and so we have something of the form

IxI'|(f * g)(x)| where £, g € S(R), hence the above steps demonstrate that this product is rapidly
decreasing for all [ > 0.

(37) is established by a simple induction. For k = 1 for have:

Srow = o [ sose - = [ 10 S -ndy = 7 By 69
X dx J_o oo dx dx

Now for the induction step:

k+1

e = () G ow) = £ [ () e

- [ o) ey =0« () o @9

Differentiation under the integral sign is justified by the rapid decrease of the derivatives of g
(see the Appendix for more details).

Tying this all together it follows that f * g € S(R).

7. For Schwartz functions, f x g = g« f
(f *9)x) = f Jglx—yydy = f fx—uw) gw)du = (g = f)(x) (40)

Note that for any Schwartz function F, f_ 0; F(x)dx = f_ o:o F(—x)dx because the difference
| f_ljv F(x)dx — f_l;lv F(—x) dx| 00= ' f_ljv F(x)dx — DfoN_N —F(x) dx| = (0. Moreover F satisfies trans-
lation invariance ie Vh € R, f_ o Fx—h)dx = f_ , F(x) dx. Thus in the above integration where

the substitution u = x — y is made, the process is justified since the substitution is a composition
ofy > —yand y — y — h where i = x.

8.If f,g € S(R) then [ f(x)gx)dx = [*_f(y)g(y)dy

The proof of this proposition relies upon changing the order of integration for double integrals.
Stein and Shakarchi (see [2] page 141) prove this result for the weaker case of moderately
decreasing functions and it holds true for Schwartz functions.
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9. Fourier inversion: f € SR) = f(x) = f_ 0:0 f(e) 2 gg

Proving the inversion formula involves the properties of a Gaussian kernel which I will come to,
but the structure of the proof is to first show that:

f(0) = f f© de (41)

Having established that result if we let F(y) = f(y + x) we then have:

f(x) = F(0) = f F&)de = f f(&) ™ dg (42)

Noting that f(y + x) — f(&)e¥"*.

The crux of this proof is the assertion in (42) which necessarily involves a claim of convergence

of the integral for the class of Schwartz functions. If we take a Gaussian kernel Gs(x) = emF
)

then G45(¢) = \/LgeTf = Ks5(¢). Now Ks5(¢) is a ”good” kernel in the sense that for every
n>0, [, [Ks(x)dx — 0as & — 0. For more on kernels see [12].
Using property 8 stated above we then have:

[ rorwar= [ focieade 3)
Since K is a good kernel we have that:

f f(x)Ks(x)dx — f(0)asd — 0 (44)

One way of seeing this is to note that:

| f :f<x>K5(x>dx\=] f :f(x)%e_’?z d| < f :|f<y\/5)|e—”y2 dy (45)

Because of the continuity of f, f(y V&) — f(0) as 6 — 0. Hence we get that the RHS of
45) — [~ f(0)e™ dy = f(0) since [~ e™ dy = 1. The good kernel is nothing more
than a building block of the Dirac delta “function” which picks out the value of the function at
x=0.

The continuity property used above can be demonstrated more rigorously. In [ [2] pages 133-
134] Stein and Shakarchi show that for a moderately decreasing function f:

fw[f(x—h)—f(x)]dx—>0ash—>0 (46)
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This can be generalised to f_ o:o f(x)Ks(x)dx — f(0) as 6 — 0 where f is a Schwartz function.
To prove this we need to break the domain of the integral into three pieces: a central "hump”
and two symmetrical tails. In the tail pieces the rapid decrease of the Schwartz function is what
gets the estimates small enough. In the hump, one needs uniform continuity in order to get the
estimate small enough.

We take N large and fixed and 6 > 0. We break the integral up as follows:

| [ :[f () = f(O)] Ks(x) dx]

~-N V6 N Vo 0o
= | f [f(x) — f(O)] Ks(x) dx + f [f(x) — f(0)] Ks(x) dx + f [f(x) = fF(0)] Ks(x) dx
-0 -NV§ N6

N Vo
< f () = FO)|Ks 0 dx + f |F(0 = £O)| Ko dx - @47)
Ix=N V5 -N V6

0

The first integral in (42) represents to the two tails while the other integral is the hump and in it

we make the change of varables y = %. Then:

N V6 1 a2 N R N
[ -] e ¥ ax= [ |rove-sole < [ oV - o] @8
~-N V6 Vo -N -N

Since f is a Schwartz function it is uniformly continuous on any closed interval, say [-N—1, N+
1] so we can choose ¢ small enough so that sup,¢_y v ‘f(y Vo) — f(O)’ < zv Where € > 0 is
arbitrary.

Thus f_ ]jv | foV8)—f (O)| dy < 2N ;5 = 5. This shows that we can make the hump small enough.

Note that although ™ on [-N, N] is bounded by ¢~™ which is small for large N, we have
fixed N and it is not enough to say that e ’ f_ Ijv ’ foVo) — f (0)| dy can be made small because
the integral could dominate for some small §. Uniform continuity ensures that if we fix the
interval we can be sure that when the |y V6 = 0| is small so is ’ fO V6) - f(O)’.

To estimate the tails we use the boundedness of f no matter what y or ¢ are:

[, olrosofsea= [ lrowosolera < [ ool
x> yl>

[yI=N
<Be ™ < e (49)

10. Convolution with a ”’good’ kernel Ks(x) :
feSR) = (F+Kpx) = [ f(x—t)Ks(t)dt > f(x) uniformly as § — 0

23



This is a fundamental property and the proof reveals an important interplay between the rapid
decrease of the tails of the kernel and Schwartz functions and uniform continuity in order to get
the estimate for the integral small enough.

A ”good” kernel is represented by a Gaussian of the form:

1 —IZXZ
Ks(x) = —e s (50)
V6
where 6 > 0
‘We know that f_ O:o Ks(x)dx = 1 and we can also show that:
¥n >0, f |Ks(x)|dx - 0asd — 0 (51)
|x[>n

To see why (51) holds we just make te change of variable u = —= so that the intergal becomes

Vo

flul> o ¢™ du which approaches 0 as § — 0. More precisely, just considering the symmetrical
Vo

case of the right tail, if we take the upper limit of the integral as % where M > 0 is at least as

big as % so that as M — oo, % — oo as & — (0. By the mean value theorem for the finite
n \f e —ny? (M-n)
interval [ L V5 \f] there exists some —= Vi <y< B M such that ’ f a’u’ ‘ 2nye 7 <

4y M B e 5 0 as y — oo due to the fundamental property of the exponential that it grows

faster than any power.

We have to show that |( £ % Ks)(x) — (x)| | [ (=0 = £0) Ks(t) dt| > 0 uniformly as
0 — 0. To do this we break the integral into three pieces: two tails (where |¢| > 77 and one hump
(where |f| < n). To estimate the tails we use the rapid decrease of f and the property of Ks(¢#)
given in (51). Thus for any € > 0, 35 > 0 such that [ f(x)| < § for |x| > 7

For the hump we use the fact that f is uniformly continuous on any compact (closed, bounded
interval) and the fact that f_ nn Ks(x)dx < 1. Thus, for any € > 0, I > 0 such that [f(x)—f(y)| < €
whenever [x —y| <7

Thus we have:
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(f * K)o = £ =| f (-0 - ) Kt i

| [ (0~ )+ [
-n

[t1>n

7
sf |f(x—t)—f(x)|K5(t)dt+f
- lr1>1

—m]z

Ul
PP f [fe =)= ol dr+ fll (£ G = 01+ £COl) Kstr) e
— 1>n

(FCe= 1) = £00) Ks(0) ]

fOe= 1) = f0] Ks0) dr

—m? 2
< 2ne v+ f —€K5(t) dt < 2ne + g < Ce where C is some positive constant  (52)
[71>n

This establishes the uniform convergence as 6 — 0

6 Riemann-Lebesgue Lemma

This is a fundamental result about the decay of the Fourier transform. If f € S(R) then limy¢—,co f & =
0. To prove this we need to perform a little fiddle as follows:

fo = f o0 F(x) €2 E g = — foo o o2 g

_ * l —2miyé . . : o i
= j:oo fOo+ 2§) e dy using the substitution y = x 2 (53)
Therefore:
~ 0 1 .
@ == [ o s (54)
(changing the dummy variable from y to x)
and
f©= f f(x) e dx (55)
Adding (54) and (55):
7 1 * 1 =2mixé
f©) =3 [ 1= fee e s (56)
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To investigate the convergence properties of (56) we perform estimates on the tails (where we
use the rapid decrease of f) and the hump (where we use uniform continuity). For the tails we
know that B > 0 such that | f(x)| < x% so that we can find an N big enough so that for |£] > 1
we will have:

1 —2mixé 1
| f| = e gl x| < f| ot s ds

B B
sf [—2+—1]dx<E (57)
>N = X OH'E)Z 2

For the hump where [x| < N the function g¢(x) = f(x) — f(x + 2%_.) converges uniformly to zero
as |£] — oo since f is uniformly continuous on [—-N, N]. So, given € > 0, AM > 0 such that for
all |¢] > M and all |x| < N, |f(x) = f(x + 55)| < 55-

Thus putting it all together:

fel < f| USRS 320 | + f| GRS 32 Jx

€ €
< — — =
S SN =€ (58)
This establishes that limyg . |/(£)] = 0
7 If f € S(R) then f is rapidly decreasing
‘What has to be shown is that:
sup [ | f(€)] < oo for all integers n > 0 (59)

éeR

We know from the Riemann-Lebesgue lemma that f vanishes at infinity but we need to show that
as || — oo f vanishes faster than the reciprocal of any polynominal. We also know that:

fol omigfe (60)

(60) leads inductively to this:

w5 ey & (61)
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That (61) holds follows from integration by parts:

f " () e £ ] - f " ) (2mig) e dx = igy™ f©

o0

(62)
Using the fact that f is a Schwartz function it follows that [ F(x) e 2mixe ]io =0
Similarly, since f™(x) € S(R) and the Riemann-Lebesgue lemma we see that:
Jim f@ =0 (63)
ie
Jim (2nig)" f©) =0 (64)

this shows that SUPger €™ | f (&)| < oo which means that f (&) is rapidly decreasing.

8 If f € S(R) then f € S(R)

As a first step we note that f € C*®. To establish this we start with the fact that f is a Schwartz
function so we have that:

[ as bl <o (65)
We also have that £ is k times differentiable with :

dk

d—gkﬂa = (~27mix(F(R)K(E) (66)

To prove (65) we need to establish the base case k = 1 which follows from Property 2 (the case
of k = 0 is simply the case f_ 0:0 |f(x)|dx < oo which is a subset of the comments made below)
ie

f (1+ x) [ ()] dx < oo 67)

We know that we can make f|x|>N| f(x)|dx small since f is rapidly decreasing. For the hump
flxl yIf (0l dx we use the fact that f is bounded so the net result is that f_ 0:0 [f(x)]dx < o0
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Similarly, for f|x|>N

enough and for the hump flx
we note that:

|x| | f(x)| dx we use rapid decrease properties to ensure the tails are small

<N |x| | f(x)| dx we use the boundedness of f. To finalise the induction

f (1 4+ ) | F G0l dx = f (1+ ) (1 + DA f(0) dx

= foo(l + D f ol dx + foo i (1 + ) | f ()l dx = A+ B < 00 (68)

(%)

A is bounded by the induction hypothesis while B is bounded because we can replicate the
earlier arguments. Alternatively, since f is a Schwartz function it decays faster than the inverse
of any polynomial so that f_ o:0(1 + |x])¥ | f(x)| dx is bounded.

9 First proof that e ™ — ¢

To prove that the Fourier transform of the Gaussian f(x) = e s f © = e we may as
well use the properties developed above. We start with the definition of the Fourir transform
f@ =F@© = [ e™ e dx so that F(0) = [ e dx = 1. Now property 2 established

—00

above ie —2mix f(x) — % £(&) allows us to say that:

F'(¢) = f " F(x) (=27ix) e~ 7 dx = f N £ (x) e g (69)

since f(x) = —27x f(x). We also know from Property 1 ie f (x) — 27i& f(£) that:

F (&) = i(2ni§) f(&) = —2nEF () (70)

So if G(&) = F(&) ™ then G (&) = 2néF (&) & + ™ F'(£) and hence G'(0) = 0+ F'(0) = 0
using (69). This means that G(¢) is constant for all values of £. But since F(0) = 1 we must have
that G is identically equal to 1 which means that F(&) = f(¢) = e

10 Second proof that e — ¢

This is a classically inspired proof using complex variable theory using Cauchy’s Theorem
which states that if f is holomorphic or analytic in an open set Q and I' € Q is a closed curve
whose interior is contained in Q then:

ﬁf(z)dzzo (71)
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Now I can hear you saying: "Where does this get us?”. The answer is that by suitable choice
of f(z) and the contour I' you can actually get a useful result out of (71). The assumption that
f be holomorphic on the relevant open set is easily satisfied in the case of f(z) = e where
z is complex since it is differentiable everywhere in C (If you can’t see why see the Appendix).
Thus all we need to do is choose a suitable contour such as the one below so that we can use
(71):

Thus we have that:

f ™ dz =0 (72)
I

and we consider the four paths in the contour as follows.

(1) Along AB z = R + iy and dz = idy where 0 <y < £. Hence:

|f e—ﬂzz dZ| — |fe—7r(R2+2iRy—y2) (ldy)| < e—er2 f |e—7r(2iRy—y2)|dy < Cf e—?TRZ (73)
AB 0 0

for some constant C noting that |e‘”(2iRy‘y2)| = ’e‘z’”Ry | e™’| < ™ where ¢ is fixed. Hence (73)

shows that the integral along AB converges to zeros as R — oo. Identical logic applies to the
path CD where z = —R +iyand 0 <y < £. Thus fAB e d7 = fCD e dz = 0.

Along BC, z = x + i¢ where —R < x < R and dz = dx (but note that x starts at R to get the right
orientation for the path so that the interior is on the inside) hence:

—R R
f e—nzz dz = f e—n(x2+2ix§—§2) dx = _enfz f e—nxze—Znixf dx (74)
BC R -R

Finally, along path DA we have z = x for =R < x < R and dz = dx so that:
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R
f e dz = f e dx (75)
DA -R

From (72) we have:

fe‘ﬂzz dz = f e dz + f e dz + f e dz + f e dz=0 (76)
r AB BC CD DA

and using (73)-(75) and letting R — oo (noting that integral in (75) converges to 1) we have:

1= f e e gy = () = f e e gy = o7 (77)

11 Applying Fourier transform techniques to solve a variant of the
heat equation

The heat equation is such an important equation in physics it is worth understanding some di-
mensions to it which are not to my knowledge covered generally in undergraduate engineering
courses or indeed courses on financial mathematics. What follows is an expansion of some com-
ments made by the well known partial differential equation expert Luis Cafarelli of the Univer-
sity of Texas, Austin. The heat equation ie % = % represents a diffusion process. A diffusion
process such as that represented by the heat equation has a tendency to revert to its surrounding
average. To see how this might be the case we need to look at the most simple situation — ie one

dimension, which indicates a relationship between diffusion and the Laplacian (in » dimensions
n o 8u

the Laplacian is Au = 77", predl

In one dimension the Laplacian of u is simply the second derivative of u and so we look at the
limit of the second order incremental quotient. Recall that:

- —u(x—h
MR, (M) |G+ ) = 2u(x) + u(x = )

h h—0 h2

” _ 1'
u (x) hl_l:l(l) (78)

In the diagram below the balls represent particles which can jump left and right in proportion to
their number in a pile. The pile at x gains half of the particles coming from adjacent piles and
loses its own. This simple rule gives rise to a balance equation of gains (ie %u(x —-h)+ %u(x + h))
minus losses (ie u(x) )which is proportional to:

%(u(x + h) + u(x = h) = 2u(x)) (79)
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= I
- - - o= —i‘l.‘j— a2 -
(0. () --=~_ 0 )~
i}lr'-:". -‘—:i}lﬁli——il:‘(}—b

-k i) e i)

Equation (79) looks suspiciously like (78) - hence the connection with the Laplacian which has
remarkable features: it is rotationally invariant, independent of the system of coordinates and
represents a diffusion. As we go up in dimensions we consider the Laplacian as a limit gain-loss
of density u at x. We take the average over a unit sphere S of the radial second derivatives in
every direction and one of the fundamental results of harmonic analysis is that:

A(u) = f Urr dA(S) (80)
S

Recall that for a function u defined in a ball B(x, r) of radius r about x in R”, with boundary
0B(x, r) and a(n) is the volume of a unit ball in R” and na(n) is the surface area of the unit ball
in R”, the average of u on B(x, r) is:

|
f u(y)dy = —— f u(y) dy (81)
B(x,r) amr' Jp.r

In 2 dimensions a function « is harmonic at P (ie it satisfies Laplace’s equation A = 0) if and
only if:

1 1
u(P) = — f uds = — udxdy (82)
2nr Joppn 71 I

1

To prove (82) we take P = (xo, yo) and we suppose that u(xo, yo) = 5 fa B(Pr)

u(x,y)ds then:

1 1 27
u(xg, y0) = — f u(x,y)ds = — f u(xg + rcos 8, yg + rsin ) rdo
2rr Joppr) 2rr Jo
1 27

= — u(xg + rcos,yg + rsinf)do (83)
2 0

The LHS of (83) is simply a constant so if we differentiate with respect to » under the integral
sign (and use the chain rule) we get:
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1 (70 ou 1 (70 ou
OZZT (—uc s9+a—ysm9)d6—2—r (—uc s€+a—ys1n9)rd6
1 1 1
— Vu.vds = — div(Vu)dydx = — Audydx (84)
27'[7" OB(Pr) 27'”‘ B(Pr) 27'('7' B(Pr)

The divergence theorem justifies the last step in (84). Hence based on our assumption u(xg, yp) =
257 Jy(pr) 4(%:¥) ds we have shown that O = [, , - Audydx for all r > 0. If all this holds for

every P in some open subset Q in R? then we must have that Au = 0 for each such P. Thus u is
harmonic.

IWhat this averaging suggests is that the heat equation g—;‘ = A(u) reflects the fact that the
density u at the point x makes an infinitesimal comparison within its neighbourhood and
tries to revert to the surrounding average.

Problem 1 at pages 169-170 of [2] reads as follows:

The equation:

0u ou Ou

2

= === 85
x8x2+ax8x ot 85)

with u(x,0) = f(x) for 0 < x < oo and ¢t > 0 is a variant of the heat equation. This equation
can be solved by making the change of variable x = ¢™ so that —c0 < y < oco. If we set
U@,t) =u(e™,t) and F(y) = f(e™) then (85) becomes:

o*U oU  oU

G tU-05 =50 (86)

with U(y,0) = F(y). One then has to show that the solution to the original problem is:

(1) = ¢ D (87)
u(x,t) = v)—
Vant 4
We start with:
oU Odudx Ou dt Ou ou
_= — — _—— = — —e )= —x — 88
oy oxdy Taray ax T¢I (88)
O*U 0 oU ou, Ox ou Ot Pu  Ou
—————————=——— SV
(9y2 (9y( Oy ) ( Bx) dy *ox oy X Y ox2 i Ox )
0%u ou
_ 2
=x 2 +xa (89)
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ou ou
(1-a) 6_y =—-x(1 —a) o (90)

oU _oudy ouin_ou

= = 91
or oyor oo or ©h
Using (89)-(91) we have:
U oU  ,d%u ou ou 5 0%u ou
6—})24-(1—(1)8—)):)6 @+Xa—)€(l—a)a=x @+axa (92)
and since %—‘t/ = g—;‘ the transformation from (85) to (86) is established.

We now take Fourier transforms of (86) with respect to y as well as the related initial conditions.
The Fourier transform of (34) with respect to y is:

. . oU(¢,t
—Ar*0E ) + (1 - a)2mie UE, 1) = (;f ) (93)
Note that the Fourier transform of aua(f’t) with respect to y is:
COUMD  opive 0 f‘” i 0
— e Ty = — Uy, 1) e ™ dy = —U(¢,t 94
Im ¢ yat_m(y)e y=5UED (94)

See the Appendix for more details about differentiating under the integral sign.
The Fourier transform of the initial condition U(y, 0) = F(y) is U(¢,0) = F(&).

To solve (93) we use the integrating factor e~ [=47¢ +(1-a27ilt = =PE) where (&) = —4n2E2 +
(1 — a)2rié. Thus (93) becomes:

. oU(E, 1)
0@ 060 - 750 <o ©5)
and multiplying by the integrating factor we have:
. A AU, 1)
e 00 - 0] =0 96)
But (96) is equivalent to:
0 (0@ g ) =
E{e OEn)=0 97)
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This means that:

PO 0D = AE©) 98)
where A(¢) is some function independent of ¢.
But U(£,0) = F(¢) therefore A(¢) = U(¢,0) = F(&)
So:

U, 1) = F) ™ (99)

At this point, if we know what function transforms to e®© then (99) says that U(&, ¢) is the prod-
uct of two transforms and we can recover the original U(y, ) and hence u(x, f) by convolution ie

if h(€) = f(&) (&) then h(x) = [ f(x - 1) g(r) dt

We know that the function which transforms to e®©’ must be a Gaussian with appropriate scaling
and the detailed derivation is given below.

We let G(&, 1) = @ = f_ °; G(v, 1) e~ 2" gy

Therefore, by Fourier Inversion:

G, 1) = f O 2mivé dé = f e[—47r2§-'2+(1—a)27ri§]t p2IvE dé (100)

(o)

To evaluate (100) we need to complete the square in the exponential factor. Thus we have:

foo e[_4ﬂ2§2+(1—a)2ni§-']t ezm‘vé: d f _ f‘” e_4n2;§2+(1—a)2ni§t+2nivg d f _ f‘x’ e_4ﬂ2l{§2_%[(1—a)t+v]§} d. f

(%)

a2 [e= 11— 2 0—as? e [ afe 2
_ f oArlE= g a-arm ]+ R dé=e" @ f irrle-gia-am) g
—c0 —00

[(1-
_ Ao Pt e
=e 1 e dz

—oo— 7L [(1-a)t+v]

(101)

To evaluate the integral in (101) one can use the contour given in section 10 in the context of
showing that the Gaussian is its own Fourier transform and when you reproduce the steps you
will find that:

i

Ao (Ctamld-oml a2 1

e~ f A R e (102)
—co— 7L [(1~a)t+v] 4t
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Another way of doing” the integral in (101) (apart from using Mathematica or Matlab!) is to
view it as basically a real integral with real limits since the imaginary part in the limits contribute
a negligible vertical displacement (note that ¢ and v are treated as fixed) so it is effectively this
integral (treating x as a real variable): f_ O:O e gy = \/% since f_ O:o ¢ dx = 1. Just think
of the crude image of the infinite real integral being rotated a small amount about the origin, Of
course the contour integration approach set out in detail in section 5 is the proper way to do the
integral and all I am suggesting here is a way of remembering what the result is by way of a

useful visualisation.

Going back to (99) we now know what functions transform to F(¢) and ¢®€”, namely, F(y)

(recall that the initial condition was U(y,0) = F(y) and we took the Fourier transform) and
—[(1—a)t+v]?

e g \/ﬁ. To get back to U(y, t) we take the inverse Fourier transform of (99) which means

that we will get the convolution the two functions just mentioned. More specifically we will

get:

0 a2 1
Upy,t) = f Ghy-v)Fv)dv = f e 4 Fw)dv (103)
—co —0c0 Vart
Now recalling that x = ¢ so that Inx = —y we also make the substiution v* = ™" so that

Inv* = —v and dv* = —e7"dv = —v*dv and F(v) = f(e™") = f(v*) (go back to the conditions
relating to (85) and the integral in (103) becomes:

X _[U—ayrty—v)? 1 0 it veiny* 2 1 p*
f e~ 4 Fw)dv = f e 4 —_— L*) dv*
—o0 Vant 00 Vant —V

1 00 —[(l—a)Hln(%)]z *
f e a L\;) av' = u(x,t) (104)
Vart Jo v

Thus we get to the advertised solution given in (87) (the variable v* replaces v).

12 Using Fourier transform techniques to solve the Black-Scholes
equation

The approach to the solution of the problem given in section 11 provides the foundation for
solving the Black-Scholes partial differential equation from finance. The original derivation (see
[10]) did not explicitly involve Fourier transform techniques. Indeed, the authors merely referred
to a well-known undergraduate Fourier series textbook for the solution to what is essentially a
heat equation.

Problem 1 at page 170 of [2] sets up the Black-Scholes differential equation so it can be attacked
by the Fourier transfrom techniques already covered. The partial differential equation is:
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1% vV ois? 9PV
E+rsg+ > W—VVZO, O0<t<T (105)

This equation is subject to a "final’ boundary condition which is:

V(s,T) = F(s) (106)

It will be seen that this final condition is essentially an initial condition once we have done an
appropriate transformation. With some experience in playing with differential equations such as
(105) a reasonable substitution would look like this:

V(s, 1) = e U(x, 1) (107)

1 r

where x = Ins and 7 = %(T —0,a=5—-—andb = —(% + ULZ)Z. Although these parameters
are given in the problem in what follows they are derived so you can see where they come from.
With these substitutions (105) can be reduced to a simple one dimensional heat equation with
an initial condition U(x, 0) = e™** F(¢*) which can then be attacked using the Fourier transform
techniques explored above. The problem asks you to prove that:

s o2 2
~r(T=1) 00 RG-S Xr0? ds*
202(T-1) F(s")
*

_— e
\270 (T — t) Jo s

In relation to (108) which is problem 2 in [2], page 170 there is a typo - the SL factor is missing.
This correction will become clear in the derivation.

V(s,t) =

(108)

o 2 . .
Under the substitution x = Ins and 7 = 5-(T — ) we can get expressions for the relevant partial
derivatives as follows:

ov B oV ds 90V or

ox " @5 ox ot o (109
But 3—; = 0and % = 5 50 (109) becomes:
ov ov
oy =0 11
ox g os (110)

The second partial derivative is:

PV _00_ 000y 090r_ 09008 00V 2BV 0V _o#V oV
ox2  dx  dOs Ox 67(9x_(9s6x_s(9s

Vy_ 20V oV _ L0V oV ..
Sos) T e e T g T (D
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Thus we have:

202\/ i A 1%
ds2 ~ 9xr  ox

We now do the same for the time derivative 7:

OV _ OV 95 OVor_ovor_ 20V
9t osor T aror ot ot o2 or

ds (')z _ 0T _ 2 4 _ =2
since gr = 0and - = 7{T - 57} = =5

Hence, using ((110)-(113), (105) becomes:

2oV oV
_%EJF ax+a—(———)—rV:0

o 9V
thatls——z%

2 or Ax2

Now with the substiution V = ¢®*47 U(x, 1) the relevant derivatives become:

4 ax+bT ax+bt ou _ ax+bt ou

8T_b U+e 5 = ¢ (bU+(91-)

4 _ ax+bt ou ax+bt _ ax+bt ou

ek ax+ae U=e¢e (aU+6x)
aZV ax+bt aZU ou ax+bt ou ax+bt 62 ou
T = (G ey e (at + ) = o (G 2y

Substituting (115)-(117) into (114) we get:

o2 ou o2 o*U

2 92
IV —‘T—)a—v—rv (114)

+2a— +a*U

)

(112)

(113)

(115)

(116)

117)

oU o? ou
—_ paxtbt (bU+—) -7 eax+br( 20— +qa U)+(r ) ax+bt (aU+_)_reax+b‘rU
ot 2 2 Ox

ox? Ox

On dividing by the exponential factor we are left with:

2 2 2.2 2 2
or U  of 8*U o? U a0-+a(r—o-—)—r—bi]U

+ (ac? +r——)— +[

2 9 2 o 2 2 2
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To make (119) into a one dimensional heat equation we need:

2
a0'2+r—% - (120)
and
2 2 2 2
a‘o o bo
3 +a(r—7)—r—7—0 (121)

(120) shows that a = % — -3 as given in the statement of the problem. Substituting this value for
a into (121) gives:

o’ 1 r 2 1 r o2 bo?
TG gt A TG =0
ot r r r o 2 r _ bo?
8 2 202 2 4 o2 2 2
bo-z_ o2 r 2
- = (g3t
2
b:-(%+£+%):-(%+£)2 (122)

Accordingly, (119) becomes (after dividing through by %):

ou  d*U

which is the familiar one dimensional heat equation. The initial condition for this equation is
found by putting 7 = 0 and hence T = ¢ in (107) giving:

V(s,T) = e U(x,0) (124)
But V(s,T) = F(s) = F(e*) so the initial condition becomes:

U(x,0) = e * F(e") (125)
Taking the Fourier transform of (123) with respect to x we get:

WED _ 42 e, (126)
or
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Taking the Fourier transform of the initial condition (125) with respect to x we get:

U(,0) = Fle™™ F(e")} = C©#) (127)
As before the solution to (126) is:

U 1) =C@) e ™8T =0(,0) e 6T (128)

Equation (128) is thus the product of two Fourier transforms and so we can get back to U(x, T)
and hence V(s,t) by convolution of the functions which give rise to those transforms. The
Gaussian transform in (128) is easy since we know that a Gaussian transforms to a Gaussian

so we only have to get the scaling right. But we know that if f(x) = ¢ then f© = e
and f(6x) — % f(%) so that by letting § = \/4#? we can see that e=4" 7 is the transform of

*Xz . . . . . . . .
\/if e . The other function is even easier to identify since from (125) the function which we
T
want is simply e~ F(e*)

Thus by convolution we have:

1 ® o
Ve = 7= f V() e w dy (129)
T —00

Now make the folowing substitutions:
x=Insfor0<s< oo

y =Ins* for 0 < s* < oo so that dy = 4

s*

T= %Z(T — 1) as before
V(s, 1) = e U(x, 7) as before

Using (107) we therefore have:
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a1ns+b(’2(r ) = -nHP g s

V(s, 1) = eax+br Ux,7) = e ¢ In s* F(S e 202(T 1) "
V2R (T 1) §
b‘r—(T—t) 00 [ln( 12 s
_ e’ 2 F(S )ealn( *)e 2(,2(7‘ 1 d_
200 X(T — 1) Jo s
0'2 00 £
L e i [n()P-2a0X(T-n ()] - . dS
- - @ e (T D) F(s")—
27 (T — 1) s
2
b (T-1) 0 22, _ I *
- L ezgl(lr—n[ln( it F(S*)d_s
\N2noX (T — 1) s
(T2 0o *
_ T (=Tl o ds”
\2ro2(T - 1) s
2(T 1) 72r 2
f v [in(2)+(r—- 5 T-1)]
\/27r0'2(T o))
_ —V(T 1) o 6720_2(7" I)[lll( )+(r—7)(T t)] F(S*)d—s*
27T — 1) s
(130)
: 1 1
recalling that a> + b = (3 — (T%)z -G+ L) = 0.2
. . . . —r(T— o —L [In(= _ T—- : 5o,
It is not immediately obvious that V(s, ) = \/%(;_0 fo 62“2”")[ 0] F (S*)dsi* 18

in the form given in standard options pricing textbooks such as [12, page 180]. For instance, the
general form of the Black-Scholes formula for the value of a European call option C struck at K
on stock worth S and expiring at time 7 (assuming no dividends) is:

C = NS - e"TD N(dy)K (131)

where:
N() = % Lo e dx (132)
it In(E) + (r+ C)T - 1) 133

oNT —t

In(§) +(r = ST - 1)
oVNT —t

dy = (134)
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To get from (130) to (131) we have to get an expression for F(s*) and do a change of variables
making sure that the limits of integration are appropriately adjusted.

We make the substitution:

In(E) + (r = TN 1) ds'
w=—2 2 so that o VT — fdu = (135)
oNT -t s
The limits of integration s* =0 — u = co and s* = 00 - u = —c0
Note that:
¢ = g o NT=1= (=5 )(T-0)] (136)

From the statement of the problem we know that V(s*, T) = F(s*) and for a European call option
F(s*) = max{s* — 1,0}. Note here that in terms of the general situation the relevant condition is
max{s* — K, 0} but in the development of this problem K = 1 implicitly. This is so because the
original change of variables was x = In s but in the more general context s = Ke*.

At this stage we have this:

—r(T-t) —00
2710 2(T — 1) Joo

-2 2

Now F(s e o NT=t=(r=5)T=0ly = max{s -l VT=1==5)T-0] _ 1 0} so that if

(T2 (7'2 . .
F(se o NT=1= (=) T=01y = max(s e o NT=1=0=F)T-0] _ 1} > O we can write the integral as
follows:

2 o?
V(s, 1) = [ F(se Mo VT=1=0= D000} 5 o NT —tdu  (137)

In s+(r—%2)(r—t)

AU o NT-1 —u o2
Vis.1) = e\/2_ T (s e VT =Tl gy (138)
JT —00

o2

For max{s e~ (4" vT‘t‘("gﬂ")]—l} > 0to hold we need 5 ¢4 VT===5)T =01 5 | op gl VT=i= (=5 )T-0]
%. Taking logs we have that:
~[urNT =1 = (r = Z)T =] >In(}) = ~Ins = uor VT —1-(r— )T - 1) < Ins and so

In s+(r— % )(T—1)

o NT—t

We can now write (138) as two integrals ie V(s,t) = I — J where:

u< . This gives the upper limit for u.

In s+(r— U—TZ WT—-t)

—r(T-1)
e NI e T ST 0] g, (139)

V2r J-w

41



and
2
Ins+(r= 5 )(T—1)

=r(T-1) T 2
Jj=¢ T T du (140)
JT —00

Using the normal distribution function N(.) we can write J = e”"T=D N(d,). Note that this is
consistent with (131) with K = 1 as has been assumed in this derivation.

To simplify I we have to complete the square and then do another change of variable. The
exponential term has exponent:

2 2 2 a?
—u o —[u” 4+ 2uoc NT —t = 2(r — 5 )T - 1)]
T—[ua'\/T— _(F_T)(T_t)]: 5 2
[+ NT =1 =T -0 =20r - G)T -] ~(u+0NT -1
= = +r(T -1 (141)
2 2
Thus:
In s+ G )T-0)
_AT— ns+(r—=5- —t
I — e r( t) o\NT—t se*(quu'z\/ﬂ)z er(T—t) du
V2r J-w
1 In s+(r— 072 WT—-t) X
o -t *ll‘FG'ﬁ
= — e qu (142)
V2 J-oo
We now make the change of variable:
z=u+oVNT —tsothatdz = du (143)

The upper limit in / becomes:

1ns+r—"—2 T -1t lns+r—‘7—2 T-0+0XT -t
s+ -0 e s+ = ST -0+ (T 0
oNT —t oVT —t

CIns+(r+ ST —1)

oVNT —t

(144)

So from(142) I becomes:
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2
Imﬂﬁ%ﬂﬂw

) oNT— £
I=—— e2 dz=sN(d) (145)
VZH —00
Hence:
V(s,1) = sN(d)) — e "7 N(dy) (146)

which is the same as (131) with K = 1. There are, of course, other ways to get to the same result
but they also involve many similar error prone steps.
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14  APPENDIX

14.1  Proof that 7 is differentiable for all z € C

Using power series techniques one can show that e* is differentiable for all z € C (see [4 pages
14-18]). Using the chain rule which states thatif d : Q — U and g : U — C are holomorphic
then (go f) (z) = g (f(2)) f (z) for all z € Q we can differentiate ¢ to get 2z ¢ since 22 is clearly
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differentiable (holomorphic) for all z € C because the limit W = 2z + h exists everywhere
ash — 0.

Alternatively, one can use the Cauchy-Riemann conditions to prove the differentiability on C.
Thus if x = x + iy then & = e cos 2xy + ie™ sin 2xy = u(x,y) + iv(x,y) and a straigh-
forward calculation shows that % = g—; and g—; = —‘3—;‘, where u(x,y) and v(x, y) are continuously
differentiable on C. Thus the derivative exists on C ie the function is holomorphic on C.

14.2 Differentiating under the integral sign

If we assume that U(y, ¢) lives in Schwartz space it is an easy matter to show that we can differ-
entiate under the integral sign. A basic theorem underpinning differentiation under the integral
sign in a Fourier theory context is given in [6, pp.268-9] and runs as follows.

14.2.1 Main Result

Let g : R xR — C be a continuous function such that 98te) exists and is continuous. Suppose

ot
00 0 9 t . 0 N
f_wlg(x, )| dx and f_wl%ldx and exist for each t and that f|x|>R ‘g((?f )

uniformly in t on every interval [a, b] . Then f_ O:O g(x, 1) dx is differentiable with:

dx > 0as R - ~

00 00 Jo(x,
% Loo g(x’ t) dx = ‘[—oo g((;tc z dx

If the function inhabits Schwartz space the continuity, uniform continuity and integral existence
assumptions will be satisfied because of the rapid decrease characteristics of the function.

14.2.2 Using Lebesgue integration theory

To prove the Main Result requires a number of steps that involve continuity, uniform continuity,
pointwise convergence and the Fundamental Theorem of Calculus. The process is quite intricate
and builds on several results that are usually covered in first and second year Analysis courses.
There are other approaches based on Lebesgue measure theory which can yield swifter proofs
relying basically on the Lebesgue Dominated Convergence Theorem . For instance, in [6] the
theorem is stated this way: Assume that for each x € J, f(x,t) is an integrable function of x
on X. Assume that for u a.e. (almost everywhere) x € X, f(x, 1) is differentiable at all # € J.
Moreover, assume that there exists 4 € L'(X) such that the derivative satisfies for pae xeX

andall r € J, |% < h(x).

Then F is also differentiable on J and % = fX af ;’;’Z) du(x).

The proof runs like this. Let ¢ € J be fixed and for small |6| consider:

F(t+6)—F J+0)— f(x,t
(t+§ (t):fxf(x +;J‘X>dlu(x)
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Foot+8)—fxt) _ df(xn
-0 5 =4

The integrand is continuous at 6 = 0 : limg :

mean value theorem justifies the following statement:

exists by hypothesis. The

|f '(X’H(S;_f () ‘df '(dxt’t )| < h(x) for some 7 between 7 and 7 + 6. Using a theorem which es-

tablishes the continuity of the sought after integral (see [7] page 153) we can conclude that

lims—,q F(H?_F(’) = fX df gf’t) du(x). The Lebesgue Dominated Convergence Theorem ultimately

justifies the theorem which established the continuity of the integral.

14.2.3 Not entirely rigorous but still insightful

The general formula for differentiating under the integral sign, which is called Leibnitz’s Rule,
is proved in some calculus textbooks in a non-rigorous (if you are an analyst) but nevertheless
insightful way. One proof [8] goes like this. It may cause some people to fly into a rage because
it skates over the need for uniform continuity but it nevertheless gives the ”superstructure” for
why the process works and a good foundation for how to make it rigorous. So with those
qualifications here it is.

Let ¢(a) = fu LIZ f(x,@®)dx where a < a < b and u;, u, may depend upon a. If f(x, @) and % are
continuous in both x and « in some region of the x, @ plane including u; < x < wp,a < a < b
and if u; and u, are continuous and have continuous derivatives for a < a < b then:

dp(a) (™ df(x,a) duy duy
- L s . G~ ) G (147)

Now if u; and u, are constants then we get the simple version of the rule: Z—¢ = f . w dx.
@ uy a

To prove this we let ¢(a) = fu Lﬁz) f(x,@)dx. Then:

up (@+Aa) i (@)

f(x,oz+Aa)dx—f f(x,)dx

ui(@)

up () U () Uy (a+Aa) up (@)
= f f(x, a+Aa) dx+f f(x, a+Aa) dx+f f(x, a+Aa) dx—f f(x,@)dx

1(@+Aa) ui (@) uz(@) ur (@)

Ad = $la + Aa) - () = f

ui(a+Aa)

up (a+Aa) ui (a+Aa)

f(x,a/+Acy)dx—f f(x,a+ Aa)dx

1 (@)
=f [f(x,a/+Aa)—f(x,a/)]dx+f
u uj (@)
(148)

1(@) us (@)

Now the Mean Value Theorem for integrals ensures that:

¢ € (a,a + Aa)
3¢ € (u(@), ui(a + Aa))
16 € (w2(@), u2(a + Aa))
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such that:

ful(a) [f(x,a + Aa) — f(x,@)] dx = Aa (@) Ifd)

u2(@) A (@)  Oa
ot fx,a+ Aaydx = @+ Ao + Aa) - uy(@)]
fuﬁgww fx,a+ Aa)dx = f(&,a + Ad)[up(a + Aa) — ux(a)]
Therefore, i—i = LL]‘Z(((;) 6fg;a) dx + f(&,a + Aa) AA—LZj - flé1,a+ Aa) AA—L;]

Finally letting Ae — 0 and using continuity of the derivatives we get the result:

dg(@) u2(@) 9f(x,) d d . .
fl; = fu @ / 2 dx + f(u, @) G2 — f(ur, @) G2 This final step obscures the role of uniform

continuity which is much more prominent in the following line of argument.

14.2.4 Making the Rigour Police happy

To make the Rigour Police happy we have to resort to the quite a bit more machinery. We start
with the following theorem:

Theoreml:

Let f, be a sequence of functions with domain 9 uniformly converging to fie f;, =3 f. If the f,
are continuous for each n, then f is continuous on D.

We firstly note what uniform continuity means. The sequence of functions f,, converge uniformly
to f on a domain 9D if for any given € > 0, there exists an N € N such that , for all x € D,
|fn(x) — f(x)| < € whenever n > N. Note that this is a much stronger requirement than pointwise
convergence: uniform convergence is a global property while pointwise convergence is a local

property.
Pointwise convergence amounts to this requirement: If given any € > 0, for each x € D there

exists a positive integer N(x) ( thus N depends on x) such that |f,(x) — f(x)] < € whenever
n> N(x).

The logical structures of the two definitions are subtly but significantly different. In the case
of pointwise convergence N(x) depends on the choice of x € D (and on €) while with uniform
convergence the N that is determined may depend on € but cannot depend on x € 9. The
requirement, ’there exists an N € N such that , for all x € 9” etc makes this clear.

If we consider the functions defined as follows:

nx 1
nx+1 2

IA
—

gn(x) = <x (149)

we can show that the g,, converge pointwise to the limit g(x) = 1 for % < x < 1. Thus |g,(x) —

g = l’};i] -1 :1 MIH < %C < eif W]e choolse N(x)1= 1 +2[é].1For instance, suppose € = 0.1
and x = 3 then N(E) = 21 so that |g21(§) —g(§)| = % =33 < 0 = €
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To show that the g,(x) converge uniformly to g(x) = 1 on [%, 1] we note that |g,(x) — g(x)| =
nx1+1 < nl—x =£ é <5 %2 using the fact that x > % and so % < 2. Thus if we choose n > % (note
that this is independent of x) we will have n—lx <5 )lc < 52 = e and so the convergence is uniform

on [%, 1] . See the diagram below:

1.2

-

08|

o6l //

With this background we can now prove Theorem 1 as follows. Let xop € D and {x,} be a
sequence in D such that x, — xo. We use sequences because we know that f is continuous at
xo if and only if f(x,) — f(x9) when x,, — xp. So we choose our € > 0 and note that because
Ju(x) 3 f(x) there exists a positive integer N; such that |f,(x,,) — f(xm)| < § forallm e N
and all n > N;. Note here that the requirement m € N is merely picking up the fact that in the
definition of uniform continuity the requirements hold for any x € 9 and so must hold for all
elements of the sequence. Moreover, N; works for xy and all x,, because that is what uniform
continuity means.

Because f; is continuous at xo we can find an N such that |f,(x,,) — fu(x0)| < 5 for all m >
N

We now do the standard trick of splitting up the relevant absolute difference (ie |f(x,,) — f(x0)])
into, in this case, 3 separate absolute differences which we can separately make arbitrarily small.
Thus:
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1+20 x

J0x
1+30x

40 x
1+40 x




LfCen) = fxo)l = 1f Gom) = faGom) + fu(om) = fu(x0) + fa(x0) — f(x0)|
< UFGom) = fu(em)l + | fu () = fu(x0)l + 1fu(x0) — f(x0)] < g +

+==€ (150)

W m
W m

for all m > max{Ny, N}.

This shows that f(x,,) — f(xo) which means that f is continuous at x¢ and since xp was arbitrary,
at all points in D.

We need another theorem as a foundation for the ultimate proof.
Theorem?2:

Suppose {f,} is a sequence of functions all of which are integrable on [a, b] and uniformly
convergent with limit f. For all n € N, let g,(x) = fa * fa(0)dt for x € [a,b]. Then {g,(x)}

also converges uniformly on [a,b] and lim,_,. g,(x) = g(x) where g(x) = fa * f(®dt. In
other words, we can interchange the limiting process with integration ie lim,— fa fu@dt =
[ limy e f(0) d.

To prove this theorem we take, as usual, € > 0 and note that because the f;, uniformly converge
to f there exists an N such that |f,(x) — f(x)| < ﬁ for all x € [a, b] and for all n > N. Because
we want to show that g,(x) converges uniformly to g(x) on [a, b] we consider the difference:

1909 — g0l = | f fut)di - f F@ydil = | f ) - 1) di|

€

3fx|fn(t)—f(t)ldt<fodt< (b—-a)=€ (151)
a b-a a b—a

Now because (151) holds for all x € [a, b] provided n > N where N is independent of x this
means that g, = g on [a, b].

Theorem3:

Let {f,} be a sequences of functions which are differentiable on [a, b] such that f, — f (ie
pointwise convergence). If the derivatives f, are continuous on [a,b] for all n € N and if
the sequence f,; is uniformly convergent, then lim,_,« f,’, = f'. Thus the limit of uniformly
convergent derivatives is the derivative of the limit.

To prove this theorem we first note that since f,’, is uniformly convergent there must be some
function £ such that f,; =3 h. By Theorem 1 & is continuous on [a,b]. Now let g,(x) =
[ fitydt = fu(x) = fu(a) for x € [a,b] and g(x) = [ h(t)dt for x € [a,b]. The hypothe-
ses of Theorem 2 are satisfied (note that the f,; are integrable on [a, b]) so that g, — g. But for
every x € [a, b], g,(x) = fu(x) — fu(a) = f(x) — f(a) (this is because of the assumed pointwise
convergence of f). Hence g(x) = f(x) — f(a) for all x and this limit is unique. By applying
the Fundamental Theorem of Calculus we see that since 4 is continuous, g is differentiable on
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[a,b] and g'(x) = h(x). So f is also differentiable on [a,b] and ¢ = f = h which finalises the
proof.
Theorem4:

ﬁg(x )

Let g : RX R — C be a continuous function such that exists and is continuous. Then

f g(x,1)dx is differentiable with 4 f g(x,f)dx = f ag(x ’) dx

To prove this we need to note that since ‘9g(f ) s continuous we can interchange the order of

integration in the following integrals [see [3], pages 291-297]:

Y (b dg(x.1) (Y dglx,n) ’
fo(fa 88’; dx)d,:fa (fo %dt)dxzj; (8Cx.y) - g(x,0))dx

b b
:f g(x,y)dx—f g(x,0)dx (152)

Therefore:

b y
f g(x,y)dx = f G (1) dt + constant (153)
a

0

where G(1) = fa b % dx

Recall that if G is continuous at each y € R then y( f Y G(f) dt+constant) G@y) = j; b d%;’y) dx.
This flows from the fact that continuity of the partial derivative ensures integrability which in
turn ensures continuity of the integral. The Fundamental Theorem of Calculus lets us differenti-

ate the integral.
r')g( n .

Because is continuous on each closed subset of R X R it is uniformly continuous on all
such subsets This allows us to perform the following estimate:

G(r) — G(Y)|—’f ag(x t) dr— f 9g(x, y)d' ‘f ag(x )] (')g(x,y))dx’
dy
9g(x, 1) ag(x, y)
Sj; o dy |dx$(b—a)e (154)

where we have used the fact that the partial derivative is uniformly continuous.

This establishes that G is continuous and so fa b g(x,y)dx is differentiable. Thus:

d b b o 3
d—yf g(x,y)dx=G(y):f g(a);y)dx (155)
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14.2.5 Proof of the Main Result

Let f,(t) = [* g(x.0)dx and f(1) = [*_ g(x,1)dx. Then:

0 = £l = | [ g0endx = [T gCenda] = | [ eCx.ndA
o g(x, t)| dx — 0 since by assumption f |g(x, 1)] dx exists and so the tails must approach
0 for sufficiently large n. Thus f,;, — f pointwise.

Now f, is differentiable for all n where f,’,(t) = jt f g glx,t)dx = f_ nn ’%’g—f’t) dx using Theorem 4.
6g(xt)d | |f" 6g(xt)d _f°° 6g(xr)d |

dx— 0 unlformly on each interval [a, b] by assumption.

Furthermore
ﬂg(x )

|x|>n
Thus f(t) = f g(x, 1) dx is differentiable and £ f gx,)dx = f_ O; % dx

For more reading on differentiating under the integral sign see [9] and [10].

15 Proof that [~ 524 dx = 2

This integral was pivotal to Dirichlet’s work on Fourier series in the 19" century. There are var-
ious ways to prove it and Dirichlet’s original proof is referred to in [18] at page 446. Churchill’s
proof ( [17] pages 85-86) is relatively straightforward and runs as follows.

We first note some basic properties of S (x) = %‘ forx #0and S(0) = 1.

2 4 6
S =1-=+ —’7%+... (156)

X
31 5!
S (x) is even and the series in (156) is an alternating one. Because we can write S(x) = 1 — 2, -

5)—(ﬁ - 9—!)+...,f0r0 < x < 1 it follows that 0 < S(x) < 1. When x > 1 then |S (x)| < [sin x|
so we can say that |S(x)] < 1 for all x > 0.

Now to get an estimate for the integral we simply break the domain of integration up into inter-
vals of length & as follows: (0, x), (7, 27), ... and note that the sign of S (x) alternates on each
successive interval. Thus if we choose v > 0 and n as the greatest integer such that nr < v we
will have:

% T 21 i %
f S(x)dx = f S(x)dx+f S(x)dx + +f S(x)dx+f S(x)dx (157)
0 0 Vg (n—Dm nmw

(k+1)m

Now if we let Ay = | f S(x) dx| we can write (157) in the following form:
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14
f S(X)dx=Ag—A; +Ay— -+ (1) A, + (-1)"6, A, (158)
0

Note that 6, € [0,1). Now Ag < 7 because Ay = |f0”S(x) dx| < foﬂlS ()|dx < x. On the k™"
interval (k > 0) we have that |S (x)| < % sothat Ay <7 % = % We thus see that Ay < Ag.
Because the Ay constitute a sequence of positive terms which converge to zero as k — oo the
alternating series lim,,_,q, ZZ;(I) (=1)* A; converges.

The improper integral in (158) exists as v — oo since 6, A,, — 0 as n — oo.

If we write:

F(r) = f e X i for 12 0 (159)
0 X

we can be sure that the integral in (159) converges because |F(#)| < fooo e ISi%I dx < fooo e ¥dx =
1

t

We can write (158) as follows because the integral exists for ¢ > 0:

(k+D)m .
_x SinX

n—1
F(r) = lim Z(—l)k f e 22T dx (160)
n—oo = kn X

We know from the discussion following (145) that if we take the absolute value of F(f) in (160)
n—1 (k+Dr |ginx
k=0 Jkn X
term A, < % which is independent of #. This gives us uniform continuity of the series and hence

continuity of F(¢). Thus F(+0) = F(0) = fooo % .

we will have for every n, |[F(7)| < ), | dx, and the absolute value of the remainder

We can get an expression for F'(¢) by differentiating under the integral sign (which is kosher -
see the earlier discussion in the Appendix) and then integrating by parts.

Thus:

F () = —f e sin xdx (161)
0

Now integrating (161) by parts we get:

(0o o'} 0 0
- f e sinxdx = [e‘”‘ cos x]o + tf e cosxdx=-1+ tf e cosxdx
0 0 0

=1+ t{[e_”‘ sinx]zo + tf e ™ sinxdx} =—1+7 f e ™ sinxdx (162)
0 0
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Therefore:

(1+z2)f e sinxdx=-1 = F ()= (163)
0

1+

From (163) it follows that:

F(t) = —arctant + C (164)

Because |F(7)] < % it follows that F(f) — 0 ast — oo. Thus C = % because arctant — % as
t — oo, Finally, because F(0) = j(;oo %‘ dx we have the result: fooo %C dx=73.

16 History
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