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1 Preliminaries

Some time ago I produced a paper which was intended to go through how the
Laplacian figures in mathematics and physics with detailed derivations. I left out
two things: one was the full tensor approach which gives you the Laplacian in a
few lines after you have built the whole tensor edifice. I gave hints of that ap-
proach but never went down that track simply because I did not want to make
an already large paper even larger with the abstractions of tensors when I suspect
most readers will prefer the more concrete approaches. The second thing I omitted
to do was to explain how rotation matrices can be used to derive the gradient and
hence the Laplacian in cylindrical and spherical coordinates. Now if you could
simply use 3 dimensional rotation matrices to painlessly knock out the Laplacian
in spherical coordinates, for instance, the observable universe would be full of such
proofs. But it isn’t. Keep that in mind.

Fébio M. S. Lima and Pedro G. F. Jordao did a paper for the Mathemat-
ics Magazine titled “Using Rotation Matrices to Get V f and in Cylindrical and
Spherical Coordinates” in 2022 ( Mathematics Magazine, 95:2, 137-142, https:
//doi.org/10.1080/0025570X.2022.2025708 and I have used it to go through the
logic of the process and the detailed calculations. Readers can assess whether it
gives them a better feel for the Laplacian which really is a creature of averaging,
rotational invariance and spherical symmetry. I remain to be convinced that the
rotation matrix approach the authors develop gives any greater insights than the
other methods but some people may prefer it.

The high level recipe for the rotation matrix approach is based on the following
ingredients. First, to get the Laplacian we need the gradient of a function f . In
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Cartesian coordinates this is just:

05 0f: Ofp
Vi= it 5t gk (1)

Second, we need the divergence of a real vector field F= Fi+ ij‘—l— FZE which
in Cartesian coordinates is:
0F, O0F, OF,

V.F = ot 7 + = (2)

Third, we can finally construct the Laplacian as follows with F=vV f:

V2 =V.(Vf) (3)

Along the way the chain rule is needed of course.

When we look at (1) it is just a representation of the independent partial
derivative components in the standard Cartesian basis. To get the gradient in
cylindrical coordinates (an orthogonal, actually orthonormal, system) we simply
need to rotate about the fixed z axis and so all we need to do is to get an expression
for the new basis in terms of the old basis. The figure below sets out the picture:



1.1

Our new basis in the rotated from are polar unit vectors ~ and 0 which represent
the radial and angular components of our frame. Thus the standard Cartesian basis
goes from (7, 7, k) to (7,0, k). We can identify 7 with 7 and § with 5. The relevant
relationship between the Cartesian and cylindrical systems is:

T =rcosf
y =rsind (4)
z=2z

Note that 7= cos @i + sin 6 J.

Forgetting about the z component because we are rotating around it, we have
the following:



where Ry is the appropriate rotation matrix.

There are essentially two ways of getting Ry. The first is worked out from the
following figure:

As the figure indicates we can work out the angular unit basis vector 0 as sim-
ply the appropriate linear combination of the usual basis vectors ¢ and j ie:

—

0=— cos(g —0)i+ sin(g —0)j

= —sinfi+cosfj

From (6) 6 is clearly a unit vector and also:

x;—l—y;
r (7)
=cosfi+sinfj

=

4



Note that 7 is also a unit vector and from (6) and (7) .7 = 0 ie the two are
orthonormal which is no surprise given the construction.

Thus we can represent the new basis by way of a rotation matrix Ry applied
to the usual basis as per (5) simply by inspection of (6) and (7) as follows:

7 7
)00
_ [ cos@ sinf 1
~ \—sinf cosf j

The rotation matrix in (8) reflects a counter-clockwise rotation but if we want
to clockwise rotation we need only substitute —6 in the rotation matrix yielding:

ren= (S0 o)

_ (cost —sinf
~ \sinf cos@

Clearly Ry R(_g) = I the two dimensional identity matrix and so R_gs = Ry L

For the sake of completeness we can find Ry by a less direct method based on
the following figure:



In the unprimed system the point P has coordinates:

x =rcos(f + «)
=rcosa cosf —rsina sinf
y =rsin(f + «)

=rcosa sinf + rsina cos 6

In the primed system the point P has coordinates:

' =rcosa

Yy =rsina

D

(10)

(11)



Substituting (11) into (10) we have:

x =a' cos — y sin 6
/o : (12)
y =x'sinf + y' cos b

Thus we have that:
T cosf) —sinf '
(y> a (sin9 cos 6 ) (y’) (13)

Thus when we invert the matrix in (13) we find that:

() - (o o) () -m () 1)

which gives the primed system in terms of a rotation of the unprimed system
as per (8).

From (5) we can obtain 7 and j by inversion:

i\ 1 (T
()= ()
. (15)
_ (cos —sind r
~ \sinf cosf g
2 Getting the gradient
The gradient of a real vector field f(z,y, z) is defined as:
of - of - Of -
Vf——fz'+—fj+—fk (16)

- Oz y 0z



Now what we want is the gradient in cylindrical coordinates, ie the gradient of
f(r,0,z) where we are holding z constant. This is where we need the chain rule.
Using the facts that x = r cos 8 and y = r sin 6 the chain rule gives us the following;:

of Of ox Of oy Of 0z
or _0x8r+8y8r+82\0£/
=0 (17)
of

:cosﬁa—i —i—sinﬁa—y

of _0f ox 0f oy 0f 0:
90  dxr 00 Oy 00 0z 00
=~

=0

) of (18)
= Tsmﬁax—l—rcos@ay

18f_ . Of of

;%— Sln@ax—i-cosgay

Thus our matrix representation becomes:

of : af

o cosf siné o

vor |\ g of

-5 sinf cosf 3y (19)
af
oz

=R,

of
Jy

We get back to the standard Cartesian basis by pre-multiplying both sides of
(18) by Ry



of of

ox or
— R;l

af 19f

dy r 00

20
cosf) —sind % (20)
sinf  cosf %%
Using (8), (15) and (19) we have that:
of - 90f - Of
B ﬁ_sm@@fﬁ ) ﬁ cosﬁga, ﬁa
leost g = g i Bl Gt = )i gk
B df sinf Of ~
f(cosﬁﬁr . ae)(cos@r—sm@ )+
(sin Haf Cosgaf)(smﬁfr—l—cosﬁe)jLa—fk
or r 00 (21)

5, Of M sin 6 COS9 sm 20 8f
=cos” 0 — 1 — cos 74—
or 00 r
02 Hﬁ +M sin ¢ cos&_ oS Gaf 8f
T TR or a0 r Tk

B of ., sin 9+COS(9 fa of -
=(cos® f + sin? 0) 8_ ( >%0 azk:

3fﬁ 1Lof f
“or +;%0+8z

Thus we have in cylindrical coordinates:

Vi=-"Li+-220+k (22)

Looking at (21) we can think of V as an operator having a cylindrical basis
like this:



9
20

L9 -
— 2
O+ 5k (23)

S |-

0
V=—7
or T+
We need the divergence of a real vector field F=Fi+ Fyf—i— F, k which is

defined as:

. 9F, OF, OF
) y z 24
v + 5 + 5 (24)

We can write F = F, + F,k where F,, = F,i + F,j. From (15) we know that:

—

i=cosfi —sinff
5 . (25)
j =sinfr+ cosf o

and we can substitute these into F’p:

F, =F,(cos 7 — sin 6 ) + F,(sinf 7+ cos 0 6)
—(F, cos + F, sin0) 7+ (F, cosf — F, sinf)§ (26)

—

=F. 7+ Fy0

Note that we could also write the components F,. and Fj in terms of Ry (see

()5 ()

Now to get the divergence V. F we apply our gradient operator in the form of

(23) as follows:

(8) ) as follows:
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) 190 = o -
_E(Fp—i_FZk) T—F;@(p%—pzk) 0+£(Fp+sz) k

OF, _OF, 1/8F, - OF. -~ - (0F, OF, -
=F. =L 4P k=2 4+ (=2.0 ).+ (=2 = k
e TR (G T g B) 0+ (G 5 ) (28)

o _9F, 1- 0F, 10F. - - - OF, OF, - -
T ) et R/ et SR ) Ry it SRR

or \:/" or r 00 r 00 ~ 0z 0z ‘2/1“

Where we have used the fact that 7, 0 and k are orthogonal and F; =F.r+Fy 3
is then orthogonal to k. We can simplify the radial term in (28) as follows:

—

. OF, <0(FTF+ F99)>

T'W:r. or
L AET) L O(F0) 99
=7 or + 7. ar ( )
. _OF. . _OF _ -0F, _ _ 00
=TT ar +T-FT§+T-QW+T.F9§

Now 7 and 6 are independent of 7 by (4) and (6) so 9% = 0 and g—f = 0. Also
by orthogonality 7.6 = 0 and so (29) becomes:

. OF, OF,
"o T or (30)
Recall that the polar set up gave us:
F=cosfi+sinfj (31)

so that using (6):
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or = - =
%——sm&—l—cosG]—G

and
o7
00

Using these results we find that the azimuthal term in (28) becomes:

= —cosfi—sinfj=—r

—

D(F 7 + F99)>
90

—

i o,
T

LA q
(
F,

+Fr9+9W_F9T

7 9Fs ) (34)

Substituting (30 and (34) into (28) we have:

- _ 0F, 1. 0F, OF,
V.F—T.W—f—;e.w‘i‘az
oF, 1 0Fy OF.
_Yr - a4 z 35
or (FT+ 89>+8z (35)

o Or r 00 0z

which is what other methods have produced.

The authors of the paper then build upon the cylindrical coordinate approach
to make an extension to spherical coordinates. The crux of the development is

based on the coordinate transformations:
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2 =p cos ¢
r=p sin ¢ (36)
0 =0

as per the following diagram:

They then write (22) as

of o, Of 10f -
kST )+——9 (37)

Vi= < 00

They then make the following correspondence between Cartesian and cylindri-
cal coordinates by noting that when x and y are replaced by r and 6 in V f:

of -, 9f » of . 19f 7
97" i+ 8y‘7 becomes o +r6’99 (38)
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while % k is unchanged. It is worth savouring the logic of this. What the authors
are doing is that they are saying that x is a proxy for a polar representation of r
and y is an angular proxy for 6 and the only things that distinguish them are the
weights or coefficients in the representation. On this basis, by replacing z and r
by p and ¢ respectively:

. 19f -
% k+ % 7 should become Z_JP: P+ ;g—i; o (39)
while %% g is unchanged except that you need to replace r by p sin ¢. When this

is done you get:

af 18f~>+ L of ; (40)

VI=(5,7+ 5369) + s o8

which is the correct form of the gradient in spherical coordinates. The authors

also note lhat .

Hence:
AN (F
(5)-"()
CoS sin k
=\ _ ¢ ¢ - 2 (42)
sing cos¢/ \cos@i+sinfj

_ [sing cos@i—+sing sinfj + cos g k

cos ¢ cosfi + cos ¢ Siﬂ@j‘— sing k

and § = —sin 07 + cos «9;’ is inherited from polar coordinates.

It is worth noting that one can go straight to (40) by simply taking the stan-
dard spherical transformation set ie x = p sin ¢ cos  etc and use the chain rule to
work out g—£ etc and you get this:
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P ) ) .
8—; sing cosf sing sinf  cos¢ %
% g—(f; = | cos¢ cosf cos¢sinf —sin ¢ 8—5 (43)
psilw % —sin6 cos 0 %

Thus we have the gradient operator in spherical coordinate form on the left
hand side of (43) in conformity with (40). To jump from (43) to the Laplacian in
spherical coordinates is not easy. You can invert (43) to get the gradient in Carte-
sian coordinates but the steps beyond that are messy. Try it for yourself. That
is why you don’t see a simple derivation of the Laplacian in spherical coordinates
based on (43).

To get the divergence operator in spherical coordinates the idea is to replicate
what the authors did earlier. They start as follows:

—

+ F0)

;ij
Sy
+
s
-

G (F, 0+ Fyo+Fy0)  (44)

In order to simplify (44) we need several components as follows:

Given (42) the unit vectors g, ¢ and 6 are independent of p. This also follows

sin ¢ cos 6
from the standard spherical transformation ie £ = p [ sin¢ siné | after normali-
cos ¢
sation.
Thus we have that:
- ~ oF OF
0. —(F,p+ F. Fyb)=p.p—=L=""L 45
pap(pp+¢¢+o)ppp o (45)

From (42) we have that:
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g_g :%(singb cosfi+sing sinfj + coscblg)

= oS ¢ cosfi+ cos ¢ sinef—sin(blg

=¢

g—z :%(Cosqﬁ cos0i+ cos¢ sinf j — Sin¢I;)
= —sin¢ cosfi — siné sinﬁj—cosqﬁl;
=7

op 0

2 _%(smgb cos @i+ sin¢ sinf j + cos ¢ k)
= —sing sinfi + sin ¢ Cosﬁf

—sin¢(—sinfi + cosj)
= Siﬂqbg

9% _0.
26 06

= —cos¢ sinfi+ cos¢ cosbj

(cos @ cos0i—+ cose sinfj — sin¢E)

= cos ¢(—sin i+ cosf 7)

:cosqﬁg
N .
20 —%(— sinfi+ cosfy)

=—cosfi—sinfj

16

(46)

(48)

(49)

(50)



In relation to (50) we also have the relationships:

§=sing cosfi+sing sinf j + cos o k

and
5: cos ¢ cos 01 + cos ¢ sinej— sind)E
so that:
—sing = —sin® ¢ cosfi —sin® ¢ sin@j'— sin ¢ cosqu
and

—cosqbq;: —cos® ¢ cosHZ—cos?(b sinﬁf—k cos ¢ sinng

Adding (53) and (54) we have:

—sin¢ §— cos ¢ = — cos B(sin? ¢ + cos® ¢) — sin O(sin? ¢ + cos? @)
= —cosfi—sinbj
o0

=20 from (50)

(51)

(54)

Finally we note that 0 is independent of ¢ and that g. p =0 and 0. gz; =0 and

¢.5=0.

With these results we see that the second component in (44) simplifies to:
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1- 8 . - ~ 05 1F, - _ F, - 8¢
— = (Fyp+ Fyp+ Fp0)=—L ¢ = +--L +-2 .=
=¢.p=1 =g.(—p)=0
10F, -~ -~ Fy -~ 6 10F) - =
-G+ g 42 gg (96)
p O ~~ p 09 pIp ~~
=1 R_f—/o =0
_B, 10k
p o p 0P

The third component in (44) simplifies to (noting the already as above that

5.5:0and§.<5:0):

1 -~ 0 - = F, ap
—— 0. —(F, 0+ Fyp+ Fy0) =—2= —
psing 00 p sin ¢ ) 8?
=0.(sin ¢ O=sin ¢
F, P )
psin ¢ " 00 (57)
:@(cos 1) f=cos 10}
1 0F) » ~
+psin¢%0\'€.€
_&_i_cosgzﬁFqs 1 0F
) psing  psing 00
Now plugging (45), (56) and (57) into (44) we have that:
G.F O By 10F, (F, cosoFy 1 O
ap pp 0¢ p psing  psing 00
F, OF, 1/0F; cos¢eF, 1 0F,
—9ZP L TPy ¢ ¢
p dp p( 0p p sin ¢ ) * p sing 00 (58)
10, , 1 , 1 OF,
—— — (p*F 2 2 e
p? 8p(p P+ P sirlgzﬁ&b(Slnq5 o)+ p sing 00

Now setting F = Vf in (58) we have:
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Vf=V.Vf
1 8(28f>+ 1 0

1.9 ,0f of 1 %f (59)
“rap\” op

p sin¢8_¢<Sin¢6_¢> + p singbw

which is the correct answer. Note that (59) can also be written as:

8_f)+ 1 0*f

_1Pen, 10 oy
0¢ p sin ¢ 062

p 0p | psingdo

(sin ¢ (60)

Finally, if we substitute F=vV f into the cylindrical coordinate form of the
divergence in (35) we get:

Vif=V.Vf
19 df\ 18  Pf (61)
75(%) tor T a2

which is the Laplacian in cylindrical coordinates.
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