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1 Introduction

If you watch mathematical problem solving channels on Youtube you will un-
doubtedly see L’Hopital’s rule used on a regular basis, frequently for limits that
one could work out by other means. I was having a discussion about this with a
mathematician who obtained his PhD under a Fields Medal winner and he uttered
the provocative words:

L’Hopital’s rule is the tool of the slob mathematician

When I was a director of an active global asset management business I recall a
business development manager once describing investors in index funds as ”slob
investors”.

L’Hopital’s rule is remarkable at several levels. First, as is well known now,
L’Hopital was a French marquis who had an interest in mathematics but when
he went to the automatic teller of mathematical talent, he had insufficient funds
to make a withdrawal for anything of substance. This is where Johann Bernoulli
comes in because it was Bernoulli who actually worked out the rule for limits of
the form g. As Ralph Boas has noted:” Bernoulli gave the rule to L’Hopital only
after L’Hopital had promised to pay for it, had repeatedly asked for it, and had
finally come across with the first instalment.” [1] Not only that, but L’Hopital
insisted on a non-disclosure clause!! [3]



Second, L’Hopital published “his” rule in his calculus textbook “Analysis of the
infinitely small, for the understanding of curved lines” in 1696. A useful paper
which I used in the production of this paper is by Danny Otero [2] That paper
goes through a translation of L’Hopital’s textbook in a sort of Socratic way. What
you have to understand about 17 century mathematics is that it was highly
geometrical and many of the results assumed a great deal of intricate geometric
principles which today are obscure. Richard Feynman went through this process
when he tried to understand Newton’s inverse square law. David and Judith
Goodstein explain this in the context Newton’s proof of the inverse square law in
their book ”Feynman’s Lost Lecture” this way ( [4] page 18):

"Why did Feynman undertake to prove Kepler’s law of ellipses using only plane
geometry? The job is more easily done using the powerful techniques of more
advanced mathematics. Feynman was evidently intrigued by the fact that Isaac
Newton, who had invented some of those more advanced techniques himself, nev-
ertheless presented his own proof of Kepler’s law in the Principia using only plane
geometry. Feynman tried to follow Newton’s proof, but he couldn’t get past a
certain point, because Newton made use of arcane properties of conic sections (a
hot topic in Newton’s time) that Feynman didn’t know.”

The original proof by Newton is, by modern standards, somewhat obscure and so
is Bernoulli’s proof of the rule of limits of indeterminate forms.

Third, it is because L’Hopital’s rule is so mechanical that it is so attractive. Euler
used it 3 times in his proof that > 7, # = % This is both its attraction and
danger. I am sure there are many mathematics students who use L’Hopital’s rule

without ever actually having proved it.

2 Bernoulli's proof

According to [1] which is in turn based on a well known translation of L'Hopital’s
calculus textbook (which you can check for yourself on the internet) the critical
starting point is the following diagram:



The following set up for the proof is given:

“Let AMD (Figure 130) be a curved line (AP=x,PM=y, and AB=a) such that
the value of the ordinate y is expressed by a fraction, in which the numerator
and the denominator each become zero when x=a, that is to say, when the point
P falls on the given point B. We ask what the value of the ordinate BD ought to be.

Let it be understood that there are two curved lines ANB and COB which have
the line AB as a common axis, and which are such that the ordinate PN expresses
the numerator, and the ordinate PO the denominator of the general fraction that
corresponds to all of the ordinates PM, so that PM = ABPX%. It is clear that
these two curves meet at the point B because, by the assumption, PN and PO
each become zero when the point P falls on B”



In this set up the curves are the functions f(x) and g(z) that we use today in
setting out L’Hopital’s rule.

L’Hopital and Bernoulli used differentials to work out limits of the form g. Given
Figure 130 above L'Hopital reasoned as follows ([2], page 12):

”Given this, if we imagine an ordinate bd infinitely close to BD which meets the
curved lines ANB and COB at f and g (respectively), then we have that bd = ABb—;bf,
which does not differ from BD. It is therefore only a question of finding the ratio
of bg to bf. Now, it is clear that the abscissa AP becomes AB, the ordinate PN
and PO become null, and that as AP becomes Ab, they become bf and bg. From
this, it follows that these ordinate themselves, bf and bg, are the differentials of
the ordinates at B and b with respect to curves ANB and COB. Consequently, if
we take the differential of the numerator and we divide it by the differential of the
denominator, after having let + = a = Ab or AB, we will have the value that we

wish to find for the ordnate bd or BD. That is what we were required to find”.

Differentials were the workhorse of this period of mathematics and they are ex-
plained in this extract from L’Hopital’s textbook:



Further background to how L’Hopital viewed the business of drawing tangents is
to be found in ( [2] at pages 8-9):
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Proposition I.

Problem. (59) Let AM be a curved line (Fig. 3) where the relationship between the abscissa
AP and the ordinate PM is expressed by any equation. At a given point M on this curve,
we wish to draw the tangent MT.%

81t is worth noting that L’Hépital wrote this before the notion of the slope of a line was developed. He and his
contemporaries were genuinely interested in the geometric problem of drowing the tangent to the curve at the point,
and his goal here is to find a method for doing this.

We draw the ordinate M P and suppose that the straight line M R that meets the diameter
at the point 71" is the tangent we wish to find. We imagine another ordinate mp infinitely
close to the first one, with a little straight line M R parallel to AP. Now denoting the given
quantities AP by x and PM by y (so that Pp or MR = dz and Rm = dy), the similar
triangles mRM and M PT give* mR(dy) : RM (dz) :: MP(y) : PT = % Now, by means
of the differential of the given equation, we find a value for dz in terms that are multiplied
by dy. This (being multiplied by y and divided by dy) will give the value of the subtangent
PT in terms that are entirely known and free of differentials, which can be used to draw the
tangent that we wish to find.

3 Comments on the proof

When I first looked at Figure 130 above I thought that the relationship PM =
AB;X% was essentially based on similar triangles and I played around with that
idea until it was clear the idea was wrong. I then thought about it a bit more.
The curve AMDd is finite as it must be for the ratio of two indeterminate forms to
yield a finite limit. What Bernoulli has done is to hypothecate that the ultimate
finite ratio represented by the ordinate PM is just some proportion of another

finite number which he chooses to be AB (a fixed number).

Here’s what ChatGPT4 makes of the proof:



° You

Explain how PM is calculated in this explanation of L'Hopital's rule: "Let AMD be a curved line
(AP=x,PM=y, and AB=a) such that the value of the ordinate y is expressed by a fraction, in which
the numerator and the denominator each become zero when x=a, that is to say, when the point P
falls on the given point B. We ask what the value of the ordinate BD ought to be.\\\

Let it be understood that there are two curved lines ANB and COB which have the line ABas a
common axis, and which are such that the ordinate PN expresses the numerator, and the ordinate
PO the denominator of the general fraction that corresponds to all of the ordinates PM, so that
$PM = \frac{AB \times PN { PO }$. Itis clear that these two curves meet at the point B because,
by the assumption, PN and PO each become zero when the point P falls on B"

ChatGPT

You
Why is PM the product of AB and the ratio PN to PO? Is it a property of similar triangles or some
other geometric property?

ChatGPT
The expression for PM givenas PM = ABP’BP N in the context provided does not directly follow

from a standard geometric property like similar triangles in the usual sense. Instead, this specific
formulation seems to be a part of a constructed mathematical scenario designed to explore or
explain a concept, possibly related to calculus or specifically to L'Hopital's Rule, given the mention

of numerators and denominators becoming zero at a specific point.



However, if we were to interpret the expression within a geometric framework, it appears to
represent a relationship between certain lengths defined in a geometric configuration. The
formula could be conceptualized as follows, though not strictly arising from classical geometric

properties:

1. Direct Proportionality: The expression suggests that PM, an ordinate (or y-coordinate)
measurement from the axis A B to the curve AM D, is directly proportional to the product of
AB (a constant length) and the ratio of PN to PO, where PN and PO are ordinates
corresponding to different curves or elements in this configuration.

2. Calculus Interpretation: In a calculus context, this setup might be illustrating the principle behinc
L'Hopital's Rule, which is used to evaluate the limit of a quotient of two functions as both
approach zero (or infinity) at a point. The mention that both PN and PO become zero as x
approaches a (when P falls on B) hints at applying L'Hépital's Rule to find the limit of the fractio
as x approaches a, which is the scenario when the functions' values approach zero.

3. Constructed Relationship: The specific formula PM = ABPXOP N might be a constructed
relationship to explore mathematical concepts rather than a direct outcome of a simple
geometric property. It creates a scenario where the height PM of a point on one curve relative tc
a baseline (A B) is determined by the ratio of heights (PN and PO) on two related curves,
possibly to illustrate how ratios of changing quantities can be analyzed as = approaches a

specific value.

In summary, while the expression does not directly arise from classical geometric properties like
similar triangles, it can be seen as a mathematical construct designed to explore ratios and limits,
potentially in the context of calculus and L'Hopital's Rule. The use of geometric elements and
lengths in this way is more about illustrating mathematical principles than about deriving new

geometric properties.



4 How L'Hopital's Rule was used in practice by L'Hopital

Bernoulli concocted the following problem which was in LL’Hopital’s textbook. Ap-
parently L’Hopital struggled mightily to solve it but failed. The limit at issue was

M Al

as follows ( 7a” is a constant and I will follow the clunky representation that
applied at the time):

V2air — z* — a/aax
y =
a— vard

Clearly at © = a we get the indeterminate form

(1)

0
0

The differential of the numerator is:

a® dr — 222 dx aa dx
V2air — x4 3¥axx

and this is then divided by the differential of the denominator:

3adx
Av a3z

Letting x = a we get that the limit is:

If we follow the modern approach we get the limit (absent the dx terms ) as:

—%4 16
— = ke (5)

o

Compared with the slob uses of the Rule given below this limit really did justify
the use of the Rule. It is difficult to see a simpler solution - an ¢ — N proof would
be horrendous at first blush.



5 What does a modern proof the rule look like?

A common approach to proving L’Hopital’s Rule is to use a version of Cauchy’s
mean value theorem. Ralph Boas gives a different proof in [1] which runs as follows.
It is assumed that f(z) and g(z) approach 0 as x — a from the left, where a might
be +00. One can without loss of generality define f(a) = g(a) = 0. One can also

assume that ¢’'(x) > 0 (or alternatively consider —g(z) ). Now let ch :gg — L where
0 < L < 0o. Then for € > 0, if z is sufficiently near a and a is finite:

f'(z)

L_€<g’(x)<L+€ (6)
and because ¢'(x) > 0 we have that:
(L—e)g'(z) < f'(x) < (L +e)g'(x) (7)

Integrating we have:

/a(L —€)g'(x)dx < /a f'(x)dx < /a(L +€)d (z) dz
—(L = e)g(x) < —f(z) < =(L + €)g(x)

(8)

where it has been assumed that f(a) = g(a) = 0. Because g(x) increases to 0 we
have that g(z) < 0. Now since — f(z) and —g(x) are positive near a we have:

f(z)
L —e¢ < M < L + € (9)
or in other words
lim % =L (10)

Boas also deals with the 2 case as well and a discrete generalisation of the rule.
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6 Working out indeterminate forms without L'Hopital’s Rule

There is a substantial class of problems which are amenable to analysis without
L’Hopital’s Rule. In essence these cases revolve around some fundamental obser-
vations about relative rates of decay or increase. A useful paper summarising the
basics is by Phil Locke [5]. The starting point is that if a differentiable function
f(zx) satisties f/'(z) > m for all z > ¢ for some m > 0, then lim, ., f(z) = oc.
To see this note that:

/ F(2)de > /g:mdx (11)

or

f(x) = f(wo) +m(x — o) (12)

The following diagram shows how the values of f(x) for x > 7 dominate those of
the straight line with slope m passing through (z¢, f(z0))-

6.1 Exponential functions grow faster than power functions

There are various ways of proving this but the discussion immediately provides a
proof. The claim boils down to the proposition that for any &, p > 0 we have:

ekaz

lim — = o0 (13)

z—o0 P
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or equivalently

lim — =0 (14)

We let f(z) = kz — plnz so that f'(z) = k — 2. Now we can make f'(z) > &
by choosing x > %p and this establishes that lim, .., f(z) = oo using the material

developed immediately above. So we have that f—; = ekr=plnz — of(®@) which tends
to infinity with increasing z.

6.2 Logarithmic functions grow more slowly than power functions

This boils down to the assertion that for any p > 0 we have:

1
lim — =0 (15)
z—oo0 P
or equivalently
mp
lim — = 16
ml—>rgo Inz >0 ( )

Inz _ wu

If we let u = Inz then 7F = &

U — Q0.

— 0 using the properties of the exponential with

7 An example of a slob use of the rule

It came as a surprise to me to find a slob use of L’Hopital’s Rule in a prestigious
US journal (I won’t out the specific article ) which dealt with a Possion derivation.
The author does a derivation and comes up with the following limit situation:

—Ah

e - = 1} 4 Pyy(t) lim [—1 - 6%} (17)

P.(t) = P,(t) lim [ lim | —

h—0

The author notes that "each of the two limits has the indeterminate form g but
one application of L’Hopital’s Rule to each limit produces”:

PL(t) = —APy(t) + APu_y(t) (18)

12



But we all know that ¢ =14 x + ”g—? + g—? + ... so you can immediately see that
_)‘hfl

limy,_o [6 3 } = —\ and similarly for the second limit. You can do all of this in

your head too!

8 A triple slob use of L'Hopital’s Rule

A classic example of a triple slob use of L’Hopital’s Rule is the following limit:

. x—sinx 1
lim ——— = —
z—0 3 6

(19)

Even an undergraduate with a Force 10 hangover could work this out in their
head without using L'Hopital’s Rule 3 times (the final step gives you €%* which
approaches é as x — 0 ). Every maths undergraduate ought to know the power
series presentation of sin x in which case they never need to do the Walk of Shame
down Slob Alley for this species of problem. So if you remember that sinx =
x—g—?jt“’g—f—“”;—?—i—... then the limit simply becomes %—“g—?+5§—?—--- — % as
xz— 0.

9 An amusing and insightful simple but non-slob use of the

Rule

L’Hopital’s Rule can be used in the context of limit interchange as explained in
[6] which also includes the following delicious example. Consider:

1+ 1+ 4 1(n terms) =1 + limr + +limr* + - - + + lim 7"~ (n terms)
r—1 r—1 r—1
=lm(l4+7r+r’4-+r"")
r—1

13



10 Final comments

L’Hopital’s Rule certainly has its place and the example in L’Hopital’s textbook
mentioned above is the type of case where it is clearly the preferred method of
attack. However, there are many species of limit that can be efficiently worked out
without using the Rule and mindless use of it robs students of practising the skill
of making subtle estimates in the context of rigorous ¢ — N style proofs.
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