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J E Littlewood (jokingly referred to by some as Hardy’s ”wife” because of the
number of books and articles they collaborated on) wrote a book titled “Lectures on
the Theory of Functions” [1] which deals in detail with many aspects of integration
theory among other things. Fundamental tools in the theory are the Hölder and
Minkowski inequalities. Of the two inequalities, Hölder’s is the more fundamental
since it is used to prove Minkowski’s inequality.

There are various ways Hölder’s inequality can be proved and interested readers
should refer to Chapter 9 of J. Michael Steele’s book [2] for further information.
Copson, for example, starts out with = log x where x > 0 and uses downward
concavity to advantage ( [2] pp 26-28). Every student of analysis has to know both
inequalities and how they are proved. You simply cannot do any serious analysis
without them.

Hölder’s inequality [H]
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where p, q > 1, 1
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= 1 and a, b > 0. If either a or b is zero H is obviously and
uninterestingly true. Note that when p = 2 we get Cauchy’s inequality.

Hölder’s inequality underpins ”mean value” results such as this:
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Minkowski’s inequality [M]
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for k ≥ 1.

This inequality underpins results such as this:
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1 Proof of Hölder’s inequality

We first start with some definitions with the summation subscript suppressed for
convenience:
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The crux of the proof is to construct a ratio as follows in the variable x and use
calculus to show that this function has a minimum that allows us to assert (1).
(Note that in [1] there are some typographical errors on page 4).
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We need to check (6):
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Note here that since 1
p
+ 1
q

= 1 we have p+q = pq and also that (p−1)(q−1) = 1.

Now we can differentiate t(x) and we get:

t
′
(x) = xp−1 − x−(q+1) (8)

which equals 0 when x = 1.

For x > 0 we have a stationary point at x = 1 and from (8) the second derivative
is:

t
′′
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t
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(1) = p− 1 + q + 1 = p+ q > 0 (10)

So we have a minimum for t(x) at x = 1. The minimum is t(1) = 1
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from (6):
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To get to (1) we need to bring sums into the picture. For λ > 0 we have:
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In (1) we can suppose that U, V > 0 so we can choose λ so that:
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The last line of (15) says that:

UV = λpUp = λ−qV q (16)

Therefore using (13) we have:
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In other words using (5) we get what we wanted:
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2 Proof of Minkowski’s inequality

Minkowski’s inequality is uninterestingly true when k = 1 since we simply have:
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and so [M] is proved.

Littlewood extends [H] and [M] in a multitude of ways which you can check out for
yourself by consulting the reference.
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