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1 Introduction

Steven Krantz provides a two line proof of Chebyshev’s inequality in Lp spaces in his book on
harmonic analysis ( [1], page 11). The purpose of this article is to flesh out the details of what
is a succinct proof using some basic measure theory which Krantz develops in his “whirlwind
review of measure theory”.

First, a measurable function f(x) which has the property that
∫
|f(x)| dx exists and is finite is

called “integrable”.

Second, if
∫
|f(x)|p dx exists and is finite for all 0 < p <∞ then f is called “ pth power integrable”

and the set of pth power integrable functions is a linear space denoted by Lp in honour of Henri
Lebesgue.

Chebyshev’s inequality is this: if f ∈ Lp(Rn), then for any λ > 0 we have

m{x ∈ Rn : |f(x)| > λ} ≤
∫
|f(x)|p dx
λp

(1)

Krantz’s proof is as follows (verbatim):

” We calculate that

m{x ∈ Rn : |f(x)| > λ} ≤

∫
{x:|f(x)|>λ} |f(x)|p dx

λp

≤ 1

λp

∫
Rn

|f(x)|p dx
(2)

”

Note that m{x ∈ Rn : |f(x)| > λ} is the Lebesgue measure of the relevant set in brackets.

To prove this using measure theoretic principles involves a few basic relationships which are as
follows:
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If f and g are non-negative measurable functions and c is a positive real number then we
have:

∫
X

cf dµ = c

∫
X

f dµ (3)

If f ≤ g then,

∫
X

f dµ ≤
∫
X

g dµ (4)

If A and B are measurable sets such that A ⊆ B then

∫
A

f dµ ≤
∫
B

f dµ (5)

For p > 0 we have that :

|f(x)| > λ =⇒ |f(x)|p > λp (6)

and so the following string of inequalties apply using (3)-(5):

∫
Rn

|f(x)|p dx ≥
∫
{x∈Rn:|f(x)|>λ}

|f(x)|p dx

>

∫
{x∈Rn:|f(x)|>λ}

λp dx

=λp
∫
{x∈Rn:|f(x)|>λ}

dx

=λpm{x ∈ Rn : |f(x)| > λ}

(7)

Thus m{x ∈ Rn : |f(x)| > λ} ≤ 1
λp

∫
Rn |f(x)|p dx.

To understand what is going on consider the simple case portrayed in Figure 1 below where
p = 1 and n = 1. The measure of the set for which |f(x)| > λ is simply b− c. The shaded area

is λ(b− c) and that area is clearly less than the area under the curve from c to b ie
∫ b
c
|f(x)| dx

which in turn is less than
∫ b
a
|f(x)| dx . Thus we have:

λm{x ∈ R : |f(x)| > λ} ≤
∫ b

c

|f(x)| dx ≤
∫ b

a

|f(x)| dx

m{x ∈ R : |f(x)| > λ} ≤ 1

λ

∫ b

a

|f(x)| dx
(8)

2



Next in Figure 2 we have a negative part for f(x) and in this case the measure of the set for
which |f(x)| > λ is the length of (c, d)∪(e, b) or d−c+b−e. Note that m(A∪B) = m(A)+m(B)
when A and B are disjoint. As before we see that:

λ(d− c) + λ(b− e) ≤
∫ d

c

|f(x)| dx+

∫ b

e

|f(x)| dx

λm{x ∈ R : |f(x)| > λ} ≤
∫ d

c

|f(x)| dx+

∫ b

e

|f(x)| dx

λm{x ∈ R : |f(x)| > λ} ≤
∫ b

a

|f(x)| dx

m{x ∈ R : |f(x)| > λ} ≤ 1

λ

∫ b

a

|f(x)| dx

(9)
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Clearly that argument can be replicated for countably many disjoint intervals.

Now consider the case where 0 < p < ∞ and n = 1. As a preliminary observation we can say
that for a > 1, ap > 1. That this is the case for p > 1 is clear but for 0 < p < 1 we need only
observe that ap = ep ln a so that for 0 < p < 1, 0 < p ln a < ln a so that 1 < ap < ea.

Now let g(x) = |f(x)|p
λp . We can assert that {x ∈ R : |f(x)| > λ} = {x ∈ R : g(x) > 1}. If

you doubt this benign statement suppose that x ∈ {x ∈ R : |f(x)| > λ}, then by the comments
immediately above we have that x ∈ {x ∈ R : g(x) > 1}. Going in the reverse direction, if
x ∈ {x ∈ R : g(x) > 1} then by taking 1

p roots we see that x ∈ {x ∈ R : |f(x)| > λ}.
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Replicating the approach from above:

m{x ∈ R : g(x) > 1} =b− c

≤
∫ b

c

g(x) dx

ie m{x ∈ R : f(x) > λ} ≤
∫ b

c

|f(x)|p

λp
dx

≤
∫ b

a

|f(x)|p

λp
dx

(10)

To use a verbal flourish of Eli Stein (Krant’z PhD supervisor and a giant in the world of harmonic
analysis), ”morally” this logic has to extend to Rn if there is any justice in the universe! Consider
the Figure 4:
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Clearly, λm{x ∈ R2 : f(x) > λ} ≤
∫
{x∈R2:f(x)>λ} |f(x)| dx ≤

∫
R2 |f(x)| dx and using the

same logic as above we see that m{x ∈ R2 : f(x) > λ} ≤ 1
λp

∫
{x∈R2:f(x)>λ} |f(x)|p dx ≤

1
λp

∫
R2 |f(x)|p dx. The visualization is more difficult for n ≥ 3 and the beauty of the measure

theoretic proof is that it simply abstracts away that visualization issue because the relationships
in (3)-(5) hold generally. But it is nice to ground such abstract results in the familiar Riemannian
universe people are familiar with.
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