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1 Introduction

Bessel functions are usually introduced in undergraduate Fourier analysis or engineering
courses in the context of hanging chains and vibrating circular membranes, for example.
Bessel functions and Fourier transforms figured prominently in the discovery of the
double helix structure of DNA via X-ray diffraction. However, the integral form of
Bessel’s function actually arose from Bessel’s analysis of the eccentric anomaly in elliptic
planetary motion - see [1] pages 4-5. His integral form looked like this:

Ar =
2

rπ

∫ π

0
cos[rφ− e sinφ)] dφ (1)

Here e is the eccentricity of the ellipse and in what follows x = e so that (1) is
Ar = 2

rπ

∫ π
0 cos[rφ− x sinφ)] dφ . It can be shown (see [1], page 5) that with u = πr

2 Ar
that u satisfies Bessel’s equation:

d2u

dx2
+

1

x

du

dx
+ (r2 − r2

x2
)u = 0 (2)

If the substitution z = rx is made in (2) you get what is regarded as the standard
form of Bessel’s equation:

d2u

dz2
+

1

z

du

dz
+ (1 − r2

z2
)u = 0 (3)

In polar coordinates, the Schrodinger wave equation for a free particle leads for each
value l of the orbital angular momentum to a radial equation of the following form:

[
d2

dr2
+

2

r

d

dr
+ 1 − l(l + 1)

r2
]fl = 0 (4)
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See [2], pages 488-489 and [3], pages 938-947 .
Messiah ( [2], page 488-89) says that spherical Bessel functions:

jl(r) =
( π

2r

) 1
2
Jl+ 1

2
(r) (5)

solve the radial equation (4). The Jl+ 1
2
(r) are the usual Bessel functions of order l + 1

2

where l = 0, 1, 2, 3, . . . . The purpose of this short note is to prove this. It is a minor
homework example in such courses. j1(x) looks like this:
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2 Proving that spherical Bessel functions solve the radial equation

To prove the result all we need to do is to differentiate jl(r) as in (4) and use the fact
that u = Jl+ 1

2
(r) satisfies Bessel’s equation and then do some algebbraic manipulations

ie:

d2u

dr2
+

1

r

du

dr
+
(

1 −
(l + 1

2)2

r2

)
u = 0 (6)

Churchill deals with the properties of Jν(x) for real ν in terms of satisfying (6) in [4]
at pages 164-169.

Differentiating we have:

du

dr
=
( 2

π

) 1
2
{
r−

1
2J ′

l+ 1
2

(r) − 1

2
r−

3
2Jl+ 1

2
(r)
}

(7)
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and

d2u

dr2
=
( 2

π

) 1
2
{
r−

1
2J ′′

l+ 1
2

(r) − r−
3
2J ′

l+ 1
2

(r) +
3

4
r−

5
2Jl+ 1

2
(r)
}

(8)

Thus (4) becomes:

d2u

dr2
+

2

r

du

dr
+
(

1 − l(l + 1)

r2

)
u =

( 2

π

) 1
2
{
r−

1
2J ′′

l+ 1
2

(r) − r−
3
2J ′

l+ 1
2

(r)

+
3

4
r−

5
2Jl+ 1

2
(r)
}

+
2

r

( 2

π

) 1
2
{
r−

1
2J ′

l+ 1
2

(r) − 1

2
r−

3
2Jl+ 1

2
(r)
}

+
( 2

π

) 1
2
(

1 − l(l + 1)

r2

)
r−

1
2Jl+ 1

2
(r)

=
( 2

π

) 1
2

[
r−

1
2J ′′

l+ 1
2

(r) + r−
3
2J ′

l+ 1
2

(r) +
(
− 1

4
r−

5
2

+r−
1
2 − r−

1
2
l(l + 1)

r2

)
Jl+ 1

2
(r)

]

=
( 2

π

) 1
2
r−

1
2

[
J ′′
l+ 1

2

(r) +
1

r
J ′
l+ 1

2

(r) +
(
− 1

4
r−2 + 1 − l(l + 1)

r2

)
Jl+ 1

2
(r)

]

=
( 2

π

) 1
2
r−

1
2

[
J ′′
l+ 1

2

(r) +
1

r
J ′
l+ 1

2

(r) +
(

1 −
(l + 1

2)2

r2

)
Jl+ 1

2
(r)︸ ︷︷ ︸

=0

+
((l + 1

2)2

r2
− 1

4
r−2 − l(l + 1)

r2

)
Jl+ 1

2
(r)

]

=
( 2

π

) 1
2
r−

1
2

[
(l + 1

2)2

r2
− 1

4
r−2 − l(l + 1)

r2

]
Jl+ 1

2
(r)

=
( 2

π

) 1
2
r−

1
2

[
l2 + l + 1

4

r2
− 1

4r2
− (l2 + l)

r2

]
Jl+ 1

2
(r)

=
( 2

π

) 1
2
r−

1
2

[
1

4
r2 − 1

4
r2

]
Jl+ 1

2
(r)

=0
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