The geodesic equation for physics students - the bare
minimuim

Peter Haggstrom
mathsatbondibeach@gmail.com
https://gotohaggstrom.com

August 30, 2024

1 Background

The geodesic equation is a rite of passage for general relativity. One can approach its proof from
a purely differential geometric perspective (eg [1] Chapter 5 ) or from a general relativistic per-
spective (eg [2], Chapters 10-11). The concept of a geodesic has a fairly technical meaning in the
context of differential geometry and if one goes down that track there is quite a bit of overhead.
It is actually not necessary to plumb the depths of those technical details in order to derive the
geodesic equation because what ultimately happens is that one applies variational principles to
a perturbed path in order to find conditions for the minimum path length and you end up there
whether you start with a more sophisticated concept of curvature or you proceed in a more basic
way as is sometimes done in physics courses. In this paper the path I am taking is that of the
bare minimum without a huge overhead of Riemannian geometry, Christoffel symbols etc: how
little do you need to know to derive the geodesic equation in a way that is not actually misleading
or simply wrong. The paradigm for this type of approach is that of MIT’s Alan Guth in his Early
Universe course at MIT. In Lecture 14 of that course in about 34 minutes he derives the geodesic
equation in a basic way although he actually leaves out several critical steps when arriving at
the fundamental equation simply because that would have undoubtedly been done in tutorials or
homework. He also leaves out some technical details that are part of the furniture of the calculus
of variations but appeals instead to more intuitive reasoning. Christoffel symbols only come right
at the end without a lot of development. Lecture 14 can be viewed here and follows on from
Lecture 13 which develops some preliminary material: https://ocw.mit.edu/courses/8-286-
the-early-universe-fall-2013/resources/lecture-14-the-geodesic-equation/ .

Later in this paper I show how one can derive the geodesic equation by going straight to
the Euler-Lagrange equation (which is of course implicit in what Guth does). One can also use
concepts of parallel transport and covariant differention as is done in books like [2]. In that
scheme of things a geodesic curve is a curve that parallel-transports its own tangent vector.

The fundamental concept is that of curvature and straight lines can be characterised by the
property that their curvature vanishes identically. The concept of geodesic curvature of a curve
on a surface involves the curvature of a projected curve (with suitable sign) and Kreyszig gives
a vector form of a geodesic curvature vector - see [1] page 155. Curves whose geodesic curvature
vanishes identically are called geodesics and the arc of minimum length must necessarily be an
arc of a geodesic. The geodesic curvature of a curve C on a surface S depends only on the
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first fundamental form of S (see [1], page 156). The first fundamental form arises from the
expression for the differential distance (arc length ) and it is something that forms part of the

“bare minimum”. A curve on a surface S can be represented as x(u',u?) where u! = u'(t) and

u? = u?(t) where t is a parameter. The arc length of a curve parametrized by t is given by:

s(t) = /tt vx X dt (1)

dx

/ _ ax
where x" = =

Hence:

and so

This is more memorably written as:

3
ds* = " da} = dx.dx (4)
1=1

If « : I — R is a curve parametrized by arc length s € I then curvature is defined by the
number |’ (s)| = k(s) which gives the curvature of the curve a(s) at s. Since the tangent vector
a/(s) has unit length, the norm |o”(s)| of the second derivative measures the rate of change of
the angle which neighbouring tangents make with the tangent at s, thus giving a measure of how
rapidly the curve pulls away from s locally.

This definition ensures that a straight line a(s) = su+ v where u and v are constant vectors
has zero curvature since k = 0 and if £k = 0 then by integration you get a straight line.

We can express the tangent vector x’ in terms of its components as follows:

, dx  Oxdu' | Ox du®  Ox du’ U 5)

==t
dt  Oul dt  Ou? dt  Oud dt
Thus x’ is a linear combination of the vectors x;,xs and x3 which are tangential to the
coordinate curves passing through the point under consideration. Assuming sufficient regularity
(ie non-vanishing first derivative ) at that point these vectors will be linearly independent and
will span the tangent space there.

We can also write dx as follows:

dx = x1 du' + x5 du? + x5 du® (6)



Hence using (4) and (6):

ds? =(x1 du' + x5 du® + x5 du3) < (x1 du' + x5 du® + x5 du3)
=X1 X1 (du1)2 + X1« X9 duldu2 + X1 . X3 duldu3 —+ X9 « X1 du2du1 + X9 « X2 (du2)2 + X9 « X3 d’l,LZd’l[3

+x3 . %) duddut + X3 0 X0 duldu® + x5 . x5 (du®)?

3 3
= Z Z Gij du'du?
i=1 j=1
(7)

where we have used the notation x; .x; = g;;. Note that g;; = g;; because of the commuta-
tivity of the dot product.

Thus the first fundamental form is:

3 3
ds? = Z Z gij du'du? (8)

i=1 j=1

Hence the first fundamental form in 2 dimensions can be written as:

ds® = g11(du')? + 2g1 dutdu® + goo(du®)? ‘ (9)

Using Gauss’s E,F,G symbols the first fundamental form can be written as:

ds* = Edu® + 2F du dv + G dv? (10)

where:

_ 0Ox 0x
E=5 5

_ 9x 9x

— Ou " Ov

_ Ox 0Ox
G=5% 5

To get an arc length we have to integrate ds and this is actually harder than it may seem.
Take the sphere for instance with parametrization as follows:

x =7rsinf cos ¢
y =rsinf sin ¢ (11)

z =rcosf



Here 0 is the latitude and ¢ is the longitude.

rsin @ cos ¢

X = | rsinf sin¢
r cos
Hence:

_ox o
90" 09

7 cosf cos ¢ rcosf cos ¢
= | rcosfsing | .| rcosf sing

—rsinf —rsinf

=12 cos? 6 cos® ¢ + r? cos? O sin? ¢ + 12 sin? 0

2

=r
_Ox Ox
=26 99
7 cosf cos ¢ —rsinf sin ¢
= | rcosfsing | .| rsinf cos¢
—rsinf 0

= — 2 cos 0 sin 0 sin ¢ cos ¢ + 12 cos 0 sin @ sin ¢ cos ¢
=0

_Ox Ox
96" 09
—rsinf sin ¢ —rsinf sin ¢
=| rsinf cos¢ | .| rsiné cos¢
0 0

=r?sin? @ sin® ¢ + r? sin® 0 cos® ¢

=r?sin® 6

Thus from (10) the squared differential arc length is:

ds?® = r2df? 4+ r? sin? 0 dop?

(16)



This means that to find an arc length you have to integrate this:

dpn 2
— in2
ds-r\/1+81n 9((19) do (17)

Because we don’t have ¢ in terms of 6 this is not easy. Widder gives the artificial example of
a ship sailing from the equator to the pole always keeping latitude equal to longitude and asks
how far does the ship go ( [3] page 115). Widder’s arc length formula is:

ds* = r?d¢? + r* cos® ¢ db? (18)

where ¢ is latitude and 6 is longitude. Thus his integral is:

s:/ds

:r/E V14 cos?¢ do (19)
0

:rﬁ/f,/l—lsm%dgﬁ
0 2

This last integral cannot be evaluated in terms of elementary functions - it is an elliptic
integral E(k) with k = %ﬁ and sin™' k = T giving s = 1.917. Note that to get this result the
artificial assumption was made that df = d¢.

A circular helix, on the other hand, does give rise to a manageable integral. The helix is
parametrized as:

T Ccost
x = | rsint (20)
ct
where ¢ # 0. Thus:
—rsint —rsint
x'.x' = | rcost | .| rcost | =12 +¢2 (21)
c c

Hence ds = v/r2 + ¢2 dt and so:

t
s:/dSZ/ Vr24+e2dt =tvr?2 +¢c? (22)
0



At this stage it should be clear that even if one derives a geodesic equation it might not
always be easy to solve it. The actual proof that the geodesics on a sphere are the great circles
is non-trivial and requires some overhead which is set out in a later section.

2 Curvature as a manifestation of acceleration

There is an evocative description in Misner et al ( [2], page 31) which seeks to explain why
curvature is manifested in the “acceleration of the separation” of two nearby geodesics. Two
geodesics, originally parallel, and separated by the distance (“geodesic deviation”) &y, are no
longer parallel when followed a distance s. The authors assert that & = &y cos¢p = £ cos (i
where a is the radius of the sphere. The separation follows the equation of simple harmonic
motion: % + a%ﬁ = 0 which gives an equation for geodesic deviation. The authors point out
that “ the direction of the separation vector £ is fixed fully by its orthogonality to the fiducial
geodesic. Hence no reference to the direction of £ is needed or used in the equation of geodesic
deviation; only the magnitude £ of £ appears there, and only the magnitude, not direction, of
the relative acceleration appears”. The following diagram from [2] shows the set up:

To understand where the relationship & = &ycos¢ = & cos (i) comes from, first note

that the great circle arc s = a¢ hence ¢ = 2. 1If we project the vector o onto & then
|€] = |€o| cos@ = & cos (%) Since % = —%0 sin (i) it follows that % = —a% cos (g) and



hence the simple harmonic differential equation ‘;% + a%{ = 0 is satisfied.
It was Jacobi who originally developed the linear differential equation. He looked at geodesics
g of a surface which are infinitely near a given geodesic B which he called the geodesic base ( or
what Misner et al call the “fiducial geodesic”). His equation was:
d?y

where y denotes the normal distance of any point M of g from the base, o the arc of the
base measured from an arbitrary origin up to the projection P of M upon B, and K (o) is the
Gaussian curvature of the surface at P. See [4] page 208.

A proof of Jacobi’s equation for geodesic variation can be found in [7], pages 272-74.

3 Derivation of the geodesic equation

What follows is the set up used by Alan Guth in his lecture. The ingredients of the derivation
rely upon an arbitrary parametrization which can be specialised to arc length. The calculus of
variations is used to minimise the relevant functional. In what follows we make the coordinates
and parameter A explicit, thus (8) becomes the following:

which essentially gives the squared distance from z?(\) to 2*(A + d\) . In the context of
infinitesimal displacements we have, to first order: da* = % dA. Moreover, the path from A to
B has coordinates *(0) = z% and z°(A\f) = x%. See the diagram below which sets out the actual
path z(\) and a varied path &(\):



The varied path involves a functional perturbation aw?(\) where « is variable and we will
differentiate with respect to it later:

() = 2'(\) + aw'(N) (25)

where w'(0) = 0 and w'(A;) = 0 since we want the varied path to have the same start and
end points.

We get the distance from A to B by integration which is actually a functional S[#¢(\)]. Note
that the Einstein summation convention will apply henceforth so that (23) is written without
the sigma signs. Note also that the coordinate dependency is reflected by z*(\):

. As dit did
Szt (A :/ \/gi-.f:k)\ — —dA 26
In what follows we let:
dz? dzd
— .. (#F -
AN\ a) = gzj(x N) N (27)

So:

As
S[Et(\)] = /O VA, a)dA (28)

Since we are looking for an extremum with respect to a for all w'(z*). Because A and A(), @)
are continuous ( it would be the end of Western civilisation otherwise ) we can differentiate under



the integral sign. I have plumbed the depths of Leibnitz’s rule in ( [5]) but in its general form it
is basically as follows. If we let:

o) = | * fa,0)de (20)

where a < a < b and u; and us may depend on the parameter o. Then:

dp [ af
= e dx + f(ug, @)

é)ug 8u1
Do f(ua, oo, (30)

uy

where it is assumed that f(z,«a) and g—i are continuous in both z and « in some region of
the xa plane and if u; and us have derivatives in the appropriate region. Of course if you have
fixed integration limits what you get is:

d¢ _ [*0f 4,

do Oa (31)

uy

which is the form we are interested in since we are looking for an extremum condition which is:

dS[E' (V)]

7o =0 for all w'(\) (32)

a=0

In what follows we need to differentiate \/A(\, &) with respect to o which involves the chain
rule and evaluating at o = 0. The A dependence of ¥ and 1" has been suppressed to save
keystrokes.
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(33)

Thus since when a = 0 we have that #* = 2¥ and #¥* = w* and in the second summand in
(33) we get a symmetrical result which yields a factor of 2 as set out below (just transpose i and

j in the last summand in (33) to see what I mean. If you do a sum over indicies you will get a
doubling of terms:

ds[z'(\)]
do

AN0) | Oz dx dx dx dx

Ay (xF i dyd & dyd
= %/ ! {ag” () 82 A7 gy () L di} d|  (34)
0

which is what Alan Guth gets without all the steps.

1
Since we want 42 ;a A) = 0 one can exercise some “intuition” and argue that the integral

a=0

10



can only be zero for all perturbing curves w’ if:

1 0gi; (z%) . dxt da’ oy dw da? |
A(/\,O){ oat " dx dx Ty (T (35)

It is by no means obvious in terms of pure analysis that (35) is zero for all w’. In the theory
of the calculus of variations there are several foundational lemmas which are used in developing
the conditions for an extremum of a functional. For instance, Gelfand and Fomin develop several
lemmas which deal with the general issues. The most basic example is that if p(x) is continuous
in [a,b] and if:

/ p(@) h(z)dz = 0 (36)

for every function h(z) € C(a,b) (ie continuous functions on [a,b] ) such that h(a) = h(b) =0
then p(x) = 0 for all x € [a, b] (see [6] page 9 ).

To get a more manageable form that doesn’t involve a derivative of w’ so that we could in
principle use (36) we need to integrate by parts as follows:

Let u = \/%di;’\) and dv = %d)\. Hence v = w® and du = %( :EJA 5 %)d/\. Thus
integration by parts gives us:
As 1 dw® dx’ 1 dzd Af
k k 7
—qg;i (2" (\) ——— :[71--95 A) —w )\}

=0
Af ;1;-7 .
—/0 di)\ (A(l)\o)yij(%k()\) Cfi)\> w'(A) dA (57)

Af ;[;-/ .
_ _/O ° (A(lA o) Cfm) w' () d\

Note that w®(0) = w(A;) = 0 in the “uv” part.

Hence (34) becomes (suppressing the A dependence in the x* to save some keystrokes):

dS[#¢(N)]
da

1[N 1 0gi;(z%) . . dat dxl d 1 N
S = o | =Wt
2/0 {./7,4@,0) O W S N B Tow KA TNl B e
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At this stage we have w”(\) and w’(\) in (38) which seems to conspire against the structure
of (36). However, remember that we arbitrarily chose k as an index when we could have chosen
i. So with k =i , w* becomes w* and we also get the following:

dgij(a*) da’ di] agkj(zi)@dij _ 39jk(xi)dijﬁ
Ozk  d\ dA oxt  d\ dx Ozt d\ d\

(39)

since gi; = gjx. Hence (38) becomes:

dS[z"(N)]
da

M 1 dgjk(x’) da? da*  d 1 o dad i
_/0 {%/W dri  dx dx  dx m%‘(“ﬁ w'(A) dA

a=0
Now (40) is in the form of (36) where w’(0) = w’(\f) = 0 which is what Guth got below:

' ¥ : .
)g ik dx? dx” ] | 127 ]

:/ { l—fl.;jﬂ(.} I o { [ _””i.} rl"[)\)li,\
o b lavaor dxdx  dx | /3 v dx|

: : « ” : 1 agjk(?i) da’ @ —
To be consistent with (36) our “p(x)” has to be continuous and thus T/AGD)  owdx dx

ds
dor

d 1 i\ da? ; :
oy (Wgzj (z%) ﬁ) has to be continuous. In the case of the standard spherical transforma-

tion set (see (11) ) this is uncontroversial so it is legitimate to conclude that the desired condition
is that 2% O9sx(2’) do? da® _ d (;gij (x?) %) = 0 so that our sought after condition

A(X,0) ox* dX dX d\ A(X,0)
becomes:
1 g (x') da? dz* _ d 1 () da? (41)
20 /AN0) Oz dh dh  dx\ A 0) 0 T

Condition (41) is actually rather complicated because y/A(A,0) depends on A and that gets
differentiated on the RHS of (41). To simplify matters even further instead of using the com-
pletely general parameter A we use the path length s. Recall from (27) that:

dzt dad

A(X,0) = gij(zF(N) N N
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From (24) we also have that:

dzt dal
N dx d)\? (43)

ds? = gij(z* (X))

So with A = s we have:

ds®> = A(s,0)ds®* = A(s,0) =1 (44)

So (41) becomes in terms of an arc length parametrization:

In general relativity textbooks the form of the geodesic equation is generally given in terms

of Cg‘sfgi so that we have to manipulate (45). This requires several steps which ultimately involve

the Christoffel symbol %, .
We start by differentiating the RHS of (45) as follows:
d d?z7 0g;;(x*(s) da? dx®

Elgu(ﬂ?k(s)) %1 = gij (2" (s)) d2 T ozk  ds ds (46)

We now substitute (46) into (45):

13



d*x’ 10g;,(z*(s)) da? da®  dg;j(a*(s) da’ da*

(zk _10gju("(s)) da da® da? dat
w d52 2 ox? ds ds al‘k ds ds
this is a matrix . \v"
this is a vector (47)
_ 1| 9g(a"(s))  0gij(x"(s) | da da*
2 Ox! dz*k ds ds

The LHS of (47) is of the form matrix x vector (actually a 1-column matrix) . The matrix g;;

is invertible with inverse g% so that if we pre-multiply by this inverse we will be left with ddzsm;
and we will have to work out the effect on the RHS. Because we ultimately wind up referring
to the Christoffel symbol of the second kind F;,c we need to lay some foundation for that. If
you are working out the gravitational field of a static spherical star you start with the metric of
special relativity (ie no gravity) and play with the metric to allow for curvature. This leads to the
Schwarzschild metric. Misner et al do this in some detail - see [2] Chapter 23. The point is that for
general relativity all roads lead to the metric and Misner et al explain the detailed reasons for this
in [2] Chapter 13. However, we are not going to get into that level of sophistication - all we want
is a basic understanding of what is behind the Christoffel symbol so that we can manipulate (47).

Ultimately what Guth gets is this:

qﬁ\in( Cothectig N
N nristofe\ Commectie i

> —

In a Cartesian coordinate system where the basis vectors (ie the usual (i,j, R) or (eg,ey,€;)
orthonormal basis ) are constant when you work out derivatives which involve them they vanish.
This is not the case with general coordinate systems where you will have non-constant basis
vectors which twist and turn along a path. Think spherical coordinates and a jet flying on a
geodesic path ie great circle.

If we think of a vector such as velocity having a direction and magnitude represented by its

14



components we have this (X is a position vector):

oX ox®
v = (48)
Jx® ot
~
direction  velocity components v
The velocity components are paired with their basis vectors which are:
0X
Ca =53 (49)

If we view the dt as a scaling factor simply because a small increase in dX in position equals
dr® e, we can write:

0x®

d.’Ea:W

daxf = Ag dzP (50)

You will see this structure a godzillion times in physics and differential geometry.

Thus if we have a set of vector components dz” then in a different coordinate system marked
by bars over the labels ie @ , equation (50) gives the corresponding components. Hence the new
barred basis vectors are:

oX  0X 9z 4
° = P~ 0af fen e (51

Welcome to the land of upper and lower indices!!

If we were working in polar coordinates (6,r) our basis vectors written in terms of a primed
Cartesian basis x’ would be:
ey = A'gle,{/ (52)
Now if we differentiate both sides with respect to r we get:

’

€y r = gwe,ﬁ/ (53)

15



At this stage the Cartesian basis vectors have performed their role of being constant in the
process of differentiation so we can revert to the unprimed indices of the polar basis as follows:

ey, = Ag’; A", e, where k' must be Cartesian (54)

With this preamble the Christoffel symbol Fé- . represents a way of writing the derivative of
a basis vector as a linear combination over the same basis ( and not just Cartesian or polar for
example):

eas=Thge, (55)

Applying this to (54) we would have:

Ths = Ag:ﬁ A¥, where £’ must be Cartesian (56)

The problem is that we may not be able to use Cartesian coordinates to calculate the Christof-
fel symbols but there is a way to exploit certain symmetries to express the Christoffel symbols
in terms of the metric by using dot products:

€,:€q 3 =€, (FZﬁ ey) = Guv FZﬁ = F,u,aﬁ (57)

noting that e, .e, = g,, and g,, = e, . e, so that g,, = g,,. Also:

9?X 9?°X

Caf = 0xB 0x> 0z 9zB ©h.x (58)

The symbol T'np used in (57) is also referred to as the Christoffel symbol of the first kind
and has also traditionally been written as [pg,r] in some textbooks where:

1 (3ng + 99qr _ ag;nq)

2\ 94 OxP ox" = Doar (59)

[pg,r] =

With this definition it follows that:
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[pq, r] :1<agm + %9ar _ 5gm)

2\ Qx4 oxP ox"
_1 agqr agpr 6911;0
_2<8xp * oxd 8307) (60)
=[gqp, 7]
=I

qapT

It is easy to get confused by these index gymnastics and so it is useful to start with some fun-
damental elements which assist in memorising the order. If we write gog,, = %(ea e5) = %g;f
we get the following relationships:

=€qu €t eu-epy
:Fzﬂguﬁ + Fgﬂgau
=L'gap + Tapu

and similarly:

Gau,p :FZﬂguu + FZﬁgau
=I'yap +L'uga

—9Bp,a = — (Fgaguu + angﬂu)

=—=Tupa = Tppa
We now add the left hand sides of (61)-(63) noting that gas = gga and I'5 = I'; -

9aB.p — 9pua + Jau,8 =Lay 9vp + gy Gav — (FEQ Gou +Tha gﬂu) +Tas 9op + 15 G
= (P =T ) 980 + (T + Ts) g0+ (Ts = Tha ) g
—_——

N————
=0 =0 (64)
=(Thu + T ) 9o
:2 FZ’H gOtIJ
=2T0pu
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Hence:

1
Faﬁu = 5(.9&5,# — 9Bu,a + gua,ﬁ) = 5

1 <8ga5 . 39/@ (65)

ag;ta
OxH oz~ + 8xﬁ)

To remember (65) one way is to perform a cyclic permutation of a 8 u but with the signature
+ — +. Thus we have :+afpu — —fpua — +paf. In relation to (59) the cyclic permutation
starts at r and runs +r¢p — —qpr — +prq. Note in all these manipulations g, = g,,.

We have this important relationship which is based on a set of symmetries set out below:

From (57) we have the following:

Lop = 9" Tapu (66)
9w Tap =Lpasp
gl/uglw FZﬁ :guﬂgyﬂ FZﬁ
=0, Tos
=1
v, (67)
«
FZB =9""Tpap
:gyﬂra npB
:gyulﬂa 8 u

. . s . .
Other symbolic representations for I';  are {pq} or {pgq,s}. The important symmetries are

as follows:

JaB =YBa

Fuaﬁ :FMBa (68)
Il =T"%,

Papu =T'gap

The equality of gos and gg, has already been mentioned in the context of (57).

Using (55) we have that eg . = I, e, but es . = e, 5 using (58). Hence, I'; e, =T} e,

which implies that I | =T ;.

18



From (57) we have that e, .es o =€, (I‘Ea e,,) = g 1'%y = Tupa , but I'G, =T 5 so we
have g,,,, I‘ga = G FZB =Tyap and so T'yap = I'yga-

Now going right back to (47) we have to perform an inversion. Here is (47) again:

sy B _L0g(at(s)) dad dat Ogis(at(s) da? dat
M,iz ds? ) oxt ds ds ok ds ds
this is a matrix . v
this is a vector (69)
1 dgjk (" (s)) . Qagij(xk(S) da? dik
2 Ox! Oxk ds ds

To invert Guth uses g* where he notes that:

g gy = 5;- (70)

since the matrix multiplication on the left is nothing more than the ij" element of identity
matrix. Recall that the ijth element of C' = AB is ¢;; = Zl ay by; and we are using the Einstein
summation convention to ignore the summation sign.

ax _
S ‘) ds? (a ‘ﬁjk-?a‘fﬁ ' ds%ér\

” i A‘, = matrix 'nnvcfQG . %X'

%l % >

However, the actual calculation of the LHS of (69) should be:

X d?xd APl d2at
99 g7 =0 Ga = G2 (71)
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This result is different to what he gets on screen (he has made several index errors in previous
steps ) but it does not matter as you will see.

So applying g% to the LHS of (69) we have:

Pal_ 1 [ g (s)) do? dF 0 () do? ot
ds? 2 ozt ds ds oxk ds ds
il 7 d k
:g[r__ Fori o —9( T 4 Ty 427 d2”
9 jik + ]kz"‘ ( ]lk+ ljk) ds ds
=T =Ijri  =Tjk:
il j k
g dz? dx
= [2I"ip; — 4T s —
2[ ak kil ds ds (72)
) dxd daF
il
e F,ii
9 ik g Tds
X dad dz*
li
gtk ds ds
o
T Ik s ds

Now since [ is a free index we can simply relabel it as ¢ and so we have the geodesic equation:

A2zt dad dxk
PR [ el e (73)

Note that we had to use the symmetry rules several times eg
Tikj = Thij = Tiji = Djis (74)
and

Dijk = Tjix = Trjs = Tjra (75)

Also g* = ¢" because just as we have commutativity of gi; we have it for upper indices since
g7 =e'.el =¢el.e' =gt

4 Proving the geodesic equation by going straight to the Euler-Lagrange
equations
The necessary condition that I = fttf F(x,4,t)dt be an extremum is that:
OF d (OF
7~ @iloz) = (70
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which is the Euler-Lagrange equations On the case of n variables the Euler-Lagrange equa-
tions become for k =1,2,...,n:

oF oF

— = — 7

Oxk (833’“) (77)

Note that the Euler-Lagrange equations are the end result of the variation process that
Alan Guth followed. Thus you let + = X(t) for t; < t3 and perturb the curve by letting
x = X(t) + en(t) where € is independent of ¢ with n(t1) = n(t2) = 0. The value of I for the
perturbed curve is then:

I(e) = /t2 F(X +en, X + en,t) dt (78)

ty1

We need to find the extremum of :

ta
N (79)

where F' = \/gpq P £9. Hence we have:

or 1 1 0 peg g
o} o 1)
1 1 0 - k.
L s )
q TP 9
1 1 0 ke
= gpkx”x + Gprd mp> (81)
2 \/ g mP 14 8 (
1
5 2gpk1:p

gpq P x4

A /gpq J;P xq

If you go back to (24) you will see why the factor of 2 emerges because of the summation
which the Einstein convention masks.
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Now we let % = \/gpq TP 9 = § ie s is arc length. Thus the Euler-Lagrange equations (77)
can be written as:

oF d <8F) 0
ozk  dt\oik/)
L ()
25 Oxk dt 3
L0 (050
25 Oxk 52
1 Ogpq prq  ( S9pRE” + 387 G0 — 9B\
i agpq iPipd — égpkjip + S.rp%g?quxq — gpkj:pé =0
25 Oxk 52
L0050 90657 Dok FE | gphi7S
25 Oxk $ ox? 3 §2
1 agpq sp . .. agpk cp . gpkx'p‘§
3 gk T e = T =0
.. agpk D - 1 39pq D - JpkTPS
gpk" 4 g B S G V= T

Note that when we differentiate g,;, with respect to ¢t because the dependence on z" etc has
been suppressed ( it was made explicit in section 3) we have to use chain rule with a different
index (27 ).

The next step is a bit subtle and involves this relationship:

agpk.p.q_]- agpk aqu D g
T =5 (Gl G )i (83)

Remember that (83) reflects a sum over p, ¢ so if we fix k and do the sum over p, ¢ you get a
doubling up.

Hence we have:

GpkP3 Ogpk .p.q 1 0gpq P

_ o ap
$ o+ ox4 2 Ozk
.. 1 89 k 8g k 89 . .
— D - P ar Pq D .9 4
o+ 5 (G + G~ g )i (84)
79;7]@; i =gpiL? + Tpgr &P 27
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If we use arc length s as a parameter we must have:

s=1
85
§=0 (85)
Thus (84) becomes:
d*aP dz? dxd
piadiie o' 86
Ik g2 * P s ds (86)
Multiplying by ¢"* we have:
g P da?dat
9 ek g TI kTG
. d?xP . daP dzd
O ez Tloa gy g =0 (87)
d*a" » dzP dxd

ds> ' Pids ds

which is the geodesic equation.

5 Proof that the geodesics on the sphere are great circles

5.1 Gelfand and Fomin - Theorem 1

As previously observed in section 1 it is non-trivial to work out the geodesics on a sphere. In
section 1 it was demonstrated how hard it was to work out arc length on a sphere with the
standard parametrization while it is much easier to work it out for a helix. The reason for this
difficulty is that the helix has only one parameter ( for fixed radius) while the sphere has 2
(for fixed radius). Gelfand and Fomin prove the following theorem which they then extend to a
multivariable context (see [6], pages 42-46 ). This is what the theorem says:

Given the functional: .
J[y] =/ F(z,y,y) do (88)
a

let the admissible curves satisfy the conditions
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b (89)
Kyl =/ G(z,y,y') dx = [ where | is fixed
where K|[y| is another functional, and let J[y] have an extremum for y = y(x). Then, if

y = y(z) is not an extremum of K[y], there exists a constant A such that y = y(z) is an
extremum of the functional:

b
/ (F+\G) dx (90)
ie y = y(x) satisfies the differential equation:
d d
f;-—agﬁy-+A(Gy-EEGy)._o (91)

The generalization is that if we are looking for an extremum of the functional:

b
JYis-- s Yn] :/ F(x,y1, - Uns Yhs - -5 Yh) d (92)

subject to the conditions:

yi(a) =A;
yi(b) =B; fori=1,...,n

b (93)

/ Gi(x, Y1, Yns Yooy ) da =l for j=1,...k
In this case a necessary condition for an extremum is that:
k k
0 d (0
F NGy) = { (P Gy} =0 94
8?]1( +; Vil dx ay; +]§1 70 ( )

The k parameters \; are sometimes called Lagrange multipliers and are determined from
boundary conditions and the subsidiary conditions. This theorem is a precursor to another
which is used to prove that geodesics on a sphere are great circles. The difference between the
two theorems turns upon the form of the subsidiary conditions, ie the integrals in (93). The
second theorem is proved in essentially the same way as the first theorem.
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5.2 Gelfand and Fomin - Theorem 2

Given the functional:

b
Jy] = / F(x,y,2,y,2) dx (95)

let the admissible curves lie on the surface:

9(x,y,2) =0 (96)
and satisfy boundary conditions:
y(a) = Ay
b)=1B
y(b) 1 (97)
z(a) = A

and moreover let J[y] have an extremum for the curve:

y=ylx) z=z(z) (98)

Then if g, ie %Z and g, ie g—g do not vanish simultaneously at any point of the surface (96)
then there exists a function A(z) such that (98) is an extremal of the functional:

b
/ [F + \g] dz (99)
a
ie satisfies the differential equations:
d
Fy+ gy — dxFy/ =0

g (100)
Fz+Agz — %le = 0

The function A(z) is like a pointwise Lagrange multiplier at = over some set.
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If we have a smooth (ie sufficiently differentiable ) curve given by:

The proof of Theorem 2 is reproduced in the Appendix.

Proof of the great circle proposition

x =x(t)
—y(t) (101)
2(t)
the distance between two points is given by:
[2)
S:/ Va2 + g2+ 22dt (102)
ty
If the curve is required to be in the surface g(x,y,z) = 0 the general geodesic problem

Using Theorem 2 we construct the function:

F=Vi?+9?+ 2+ A1) g(x,9,2)

where A(t) is an unspecified function.

If we let:

f=Vi%+y?+ 22

equation (103) becomes:

F=f+At)g(xy,2)

ox dt \ oz

We now work out the Euler-Lagrange equations 2£ — 4 (B—F) =0

26

is to minimise (102) with respect to continuously differentiable functions z,y,z which satisfy
g(x,y,z) =0 and which are prescribed at t = ¢; and t = t5.

(103)

(104)

(105)



~ e (106)

Also:

X
~ (5 255 95
> (107)
d /11
‘dt(z_ﬂx)
i)

TR
() g 09
o ()=

For a sphere 22 + y2 + 22 = a® we have that g(z,y, 2) = 2% + y? + 22 — a®> = 0. Hence:

dg
e
89_
%_
dg
5 =

2x
2y (109)

2z

We now eliminate \:

&l
/N
~la
N—
&l
/N

= = —5 (110)

Q
e
Q
Q

Q
8
Q
<
Q
Y




Now:

w(5) _giif
% 2x f2
%<%) :fy_yf (111)
& 2y f?
#(3) prozg
% 22 f2
So we have:
fi—af _ fi—9f _ fi-zf
202 2uyf?  2zf2 (112)

We now take the the first two components of (112):

fi—af _fi—gf
20f2 2yf?
yfi-—y$f==§fy-—xyf (113)
fy@ = 2g) =f(2y — y)
f_yi—aj
fory—wy
Similarly we take the second and third components of (112):
fi—of _fi-2f
92 2zf?
ngiizgf::yfégiyéf (114)
f(zi = yZ) =f (29 — y2)
i _ 2y — Yz
fozy—yz
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Hence we have:

yr —xy 2§ —yz (115)
Ty —wy 2y —yz
Next we note that:
P xr — = — —
dt Y Y) =Y Y y—y (116)
=y — Y
Similarly:
2 — = i —
dt y—y yry Y Y (117)
=2y —yZ
Hence (115) becomes:
di i —29) _ 59— y?) a18)
Yz —zy 2y —yz
Equation (118) is in a form that screams integration as follows:
J A=) gy @Gy g
yr—xy 2Y—Yz
Integrating we have:
In(yz — zy) =In(zy — y2) + In Cy
=In(C1(z9 - y2))
— yi —ay =C1(29 — y2) (119)
y(Crz + x) =y(z + C12)
y _a+Ciz
y x+Chz

Integrating (119) again:
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Iny+InCsy =In(z + C12)
In(Cay) =In(z + C12)
= Chy =x+ Cz
x—Coy+ C12 =0

(120)

This demoinstrates that the geodesics are the great circles since | x — Coy + C12z = 0] is the

equation of a plane through the origin (0,0, 0) of the sphere and where it intersects ths sphere is
a great circle.

6 Appendix

Proof that if p(x) is continuous in [a, b] and if:

b
/ p(z) h(z)dz =0 (121)

for every function h(x) € C(a,b) (ie continuous functions on [a, b] ) such that h(a) = h(b) =0
then p(z) = 0 for all = € [a, b] (see [6] page 9 ).

Without loss of generality we can assume that p(x) is positive at some point in [a,b]. Then
because of the continuity of p(x) there is some interval [x7, 23] in which p(z) is positive. Now
let:

h(z) = (x — 21)(z2 — @) (122)

for x € [z1, 23] and h(z) = 0 otherwise. Clearly, h(x1) = h(xz2) = 0.
However:

b T2
/ p(z)h(z)dx = / p(x)(z —x1)(z2 —z)dz >0 (123)

1

because h(x) is positive in (z1, x2). This contradicts the hypothesis that f;p(x) h(z)dz =0 and
hence the proposition is proved.
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7 Proof of Gelfand and Fomin Theorem 2

46

FURTHER GENERALIZATIONS CHAP,

multipliers, are determined from the boundary conditions (33) and
subsidiary conditions (34), The proof of (35) is not essentially diffe
from the proof of Theorem 1, and will not be given here,

12.2. Finite subsidiary conditions,
subsidiary conditions which must be satisfied by the functions Yui. -
are of the form (34), i.c., they are specified by functionals. We now consi
a problem of & different type, which can be stated as follows: Find o
Sunctions p(x) for whick the Sfuncrional (32) has an extremium, where
admissible functions satisfy the boundar 'y conditions

In the isoperimetric problem,

yda) = A, yib) =8 (i= Lovwm
and k “finite” subsidiary conditions k< n)
BAX, ¥y .. Y =0 G=1...,k). (36)

In other words, the functional (32) is not considered For all curves. satisfying
the boundary conditions (33), but oaly for those which lic in the (n — k)
dimensional manifold defined by the system (36).

For simplicity, we confine ourselves to the case i = 2, k = 1,

Then we
have

THEOREM 2. Given the functional

M= [ By a2y dy, 61,

let the admissible curves lie on the surface

glx,y,2)=0

(28)
and satisfy the boundary conditions
Ha)= A,  wb) =B,
39
@)= A (6) = B, @9
and moreover, let J[y] have an extremum for the curve
yomplx) oz = z(x) (40)

Then, if g, and g,
(3B), there exists
Sfunctional

do not ofuish simultaneously al any point of the surface
a function Mx) such that (40) s an extremal af the

Jl:: [F + Mx)g] dx,

i.e., satisfies the differential equalions

a ..
Fyt gy = L Fp =0,

P (41)
Fi 4+ 2, —EF;-=0.
Froof. As might be expected, the proof of this theorem closely
resembles that of Thearem 1.

Let J[y, z] have an extremum for the
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B, 12 be an arbi-
(40), subject to the conditions (38) and F”“;(;T;:.:?n:t‘fmr.:t dylx)
i oint of the interval (g, b]. Then We give and 3z(x) are noNZero
o9 et 0, vkt B i
! 4 . B] of x,. g in the
only L ::els::;brm:::d;:sﬂcr:menlu of the functional /[y, 2] in
can wri

form - A -
ar= ] oo i v
here R
1 foy = [ B)dx, Ao = [} ey
— 0 a5 Ay, Aoy — 0. et
nndw:hn?w require u’m the *varied™ curve -
yx) = px) + B, 2= 2%(x) = 2(x) + Bal.
y=
4 1t i
satisfy the condition s o o
In view of (38), this means that
" (3, 8y + #, 82) dx 43
0= [ latr, %29 - sta N dx = [ Gy &

= {Zylemn + e} Aoy & {Galiesy AT - "
0 as Amy, Aay— 0, and the overbar indlﬂt_ﬁ that
= 1 v har H

TYES.
are evaluated geertain

where ), € A
dl is nonzero. If gulsmsy # 0o WE

deri
b is, ¢i of falsens

By hypothesis, either £yls-z
c:n write the condition (43) in the form
{Enlr-n
Bos =~ Valien

- into the formula (42) for
, 0. Substituting (44) into
where ¢ — 0 as Az,

+ :’} Aay, (44

AJ, we obtain
5 £, Ef)l }agl + ghay,
AT = {_By Y IR V-7 7Y | .

= y*(x), z = z*(x) close "u::u:i:“:;lf:x

2(x) Tollows from the implicit function 1hcuqer:.:d:: i
ko 7) = Dhasasolution forx = fo. ¥ = Yo e R
lf\’“‘q_\-ﬂ-llonnx. < tinuous in a neighborhood of (xs, Yer 2ol e
s “; c::im a unigue function z(x, ¥} which :juumh miand -
I.M_n = i I]uw:- ¢ to xand yin a neighbarhood of (xe, ¥a) L i
“[m;].:)w"h T T i e alavh Im";:“bqlhood of the point X
e Y i , 2(x)] # O in a nei at ¥,
'.(;.. b T:a“:‘ ,[ ;‘K‘\:{:]— y*ix) in this neighborhood and then dete:

change the cur -

::Ig?mm lﬁ relation %(x) = =[x, y*(=))

¥ The existence of admissible curves ¥




48 FURTHER GENERALIZATIONS CHAP.

where € — 0 as Ag, — 0. The first term in the right-hand side is the
principal linear part of AJ, i.e., the variation of the functional J at the

point x, is
&, 8F
rmzy - (3_‘; 8_Z') J-n}aail

Since a necessary condition for an extremum is that 87 = 0, and since
Aag, is nonzero while x, is arbitrary, we finally have

aF
3J = 5

SF 8, 5F d 2 d .\ _
5 Fn A -nh —z(r,—aa)_o
or
d d
FI_E.KFP‘:F:“EI,F? “s)
gy £ i

Along the curve y = y(x), z = z(x), the common value of the ratios
(45) is some function of x. If we denote this function by —A(x), then
(45) reduces to precisely the system (41). This completes the proof of
the theorem.

Remark 1. We note without proof that Theorem 2 remains valid when
the class of admissible curves consists of smooth space curves satisfying the®
differential equation?

&xpz,y,2) =0, (46)

More precisely, if the functional J has an extremum for a curve ¥, subject
to the condition (46), and if the derivatives g,., g, do not vanish simul-
taneously along vy, then there exists a function A(x) such that ¥ is an integral
curve of the system

d d
O, - 2@, =0 O,-L0, =0,

where 1 4
® = F+1G.

Remark 2. In a certain sense, we can consider a variational problem with
a finite subsidiary condition to be a limiting case of an isoperimetric problem.
In fact, if we assume that the condition (38) does not hold everywhere, but
only at some fixed point
glxy, 3, 2) = 0,

we obtain a condition whose left-hand side can be regarded as a functional
of y and z, i.e., a condition of the type appearing in the isoperimetric problem.

* In mechanics, conditions like (46), which contain derivatives, are called monhalonomic
constraints, and conditions like (38) are called holonomic constraints,
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