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1 Introduction

The subject of Fourier theory starts with the outrageous proposition that:

Sn(f,t) = Z f(r)et dt — f(t) as n — oo (1)

r=—m

where f(r) are the Fourier coefficients defined by:

1 2

fry=oo [ flO)e ™ dt (2)

:27TU

Note: In what follows the integrals will be on [—7, 7] but one can work more generally
on the circle T = R/27Z ie the real line mod 2.

Fourier’s basic claim was that (1) worked for any function (although several of his con-
temporaries disputed that he had actually proved such a claim). Notwithstanding the
doubts about convergence Fourier used the theory to great practical advantage in the
theory of heat conduction. Dirichlet proved that if f is continuous and has a bounded
continuous derivative except possibly at a finite number of points then (1) does hold.
However Du Bois-Reymond constructed a continuous function whose partial sums as
defined by (1) blew up at t = 0 ie lim, o sup S, (f,0) = oco.

At the ripe old age of 19 Fejér proved that if f is a continuous function from T to C
then if we are given the Fourier coefficients f(r) (r € Z) of f, we can find f(t) for t € T.
Fejér went on to become thesis supervisor for John von Neumann, Paul Erdos, and
George Polya and several other influential Hungarian mathematicians. Fejér’s theorem
was a surprise because the standard approach to partial sums did not always give rise to
well behaved results. In other words if s,, = >"}'_; a is the usual partial sum then the
sequence sg, S1, - .. may not be well behaved. Cesaro had already shown that averages



of the form s, %, w, ... have better behaviour than sg, s1,.... To understand

why see [1] for a detailed explanation.

In what follows I will follow the first two chapters of Tom Koérner’s book on Fourier
analysis (see [4]), however, I will expand steps that he compresses. As you will see there
are one or two steps that are a bit like icebergs whose small tips hide a large mass of
tedious calculation below the surface.

2 Lemma on Cesaro convergence of partial sums

The importance of the Cesaro limit is that if this limit exists it will equal the usual limit
whenever that usual limit exists and may exist even if the usual limit does not exist.
This is such an important result it needs to be proved.

In the context of Fourier theory it was Fejér who showed that although the partial sums
Sp(fot) = >0 f(r)e™ might fail to converge, the Cesaro sum might behave better:

C%(f?ﬂ ::ﬁii§:?:053&ﬂt}
Lemma: If s,, — s then n%rl D08 =S

As usual, take € > 0 and note that because s, — s we can find an N(e) such that
|sp —s| < § for n > N(e). We write N(¢) to emphasise the dependence of N on e. Now

let Q = Z;V:(S)bn — s|. Then:

n
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1 N(e) n 1 c
=g (s sl X sy —sl) < (@ (- N(@)g)

J=0 J=N(e)+1

(3)

Now it is certainly true that n — N(e) < n+ 1 and if we choose M (e) > N (e) such that
M(e) > @ it follows that @ < EMQﬁ Thus the last line of (3) is :

€

nil<Q—|—(n—N(e))2) <

€

2

((n—l—l) +(n+1)5> —c (4)

2
This establishes that n%rl > j—08j = s asn — oo. For a slightly different proof see [2],
page 30.

Thus, although the partial sums S, (f,t) = > f(r)em might fail to converge, Fejér’s

r=—n
insight was that their averages defined as follows might behave better. In essence the

Cesaro limit supplants the usual limit.



Cesaro average = o, (f,t) = n—ll— 1 Si(f,t) (5)
=0

By expanding (5) we get:

T+l P

:n}r 1 (So(fi) + S1(f,t) +---+Sn(f,t)>

:n}r : (f(O) + ;n_:l Fr)e™ 4o+ gn_:n f(r)eirt> .

:ni —((n+ DFO) +nfDe + (1= 1)F(2)e¥ + -+ 1f(n) ™
Fnf(=1)e ™+ (n—1)f(=2)e 2 + -+ + 1f(—n) e—m’t)

The representation o, (f,t) = > n+l-r] f(r) e is obviously oscillatory but it

r=—n n+1

is not immediately clear whether it oscillates between positive and negative values. As
we shall see, one of the remarkable facts about the Fejér kernel is its positivity.

At this point it is worth noting the relationship between the Dirichlet kernel and the Fejér
kernel. Full details of the Dirichlet kernel can be found in [2]], however, we can quickly
recount the basic properties here. The Dirichlet kernel can be defined this way:

sin[(n + %)1‘]

Dy (x) = Z err =1 4 QZcos(ka:) = (7)

3 T
k=—n k=1 sin(3)
The RHS of (7) is obtained as follows. First note that:
2cosu sinv = sin(u + v) — sin(u — v) (8)

Then with v = kz and v = % we have:

sin[(k + 3)z] — sin[(k — 1)a]
sin(5)

2cos(kx) =



Hence:

(10)

With this definition the Fejér kernel is related to the Dirichet kernel as follows:

Ko(r) =——— 3" Dy(x)

n+1 prt
1 n k
_ ijx
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3 Positivity of the Fejér kernel

The Dirichlet kernel oscillates between positive and negative values whereas the Fejér
kernel is non-negative. At first blush it may seem unlikely that the Fejér kernel is
non-negative. There are various ways of proving this result. Typically with complex
exponentials one tries taking the real or imaginary part of the complex expression as
appropriate or use a difference of sines or cosines and then use telescoping at some point.
I will present both approaches below and also give a third proof based on applying a
general result to the Fejér kernel.



{
{
1 i (eithe 1
Sin(g)Jm{e 2 e% (e% — 672”6) }
{cos[(n + 1)z] — 1+ isinf[(n + 1)z] }
2isin(§)
_1- cos[(n + 1)z]
2sin?(%)
_ 2sin?[(n+1)3]
— 2sin?(2)
_sinQ[(n—i- 1)3]
B sin?(%)

Therefore:

2
1 sin(n+ 1)%

n
n+1—|r|
Kn(O):Z n+1
n

r=—

n 1 n

= (14)
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The Dirichlet kernels have the following form:

Dy x
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A more tedious derivation is as follows:

n

n+1 ka ~ n+1 ’k’ —k} n n -+ ik
1 IRT ’L.’,U
Z n+1 +Z n+1 +Z n+1

k=—n k=1
o ;(n + 1 —k)2cos(kx)
B R sin[(k 4 3)x] — sin[(k — 3)a]
1+n+1;(n+1_k)< 2sin(%) ) )
1 3 . T 3T
1+ (n+ sin@) {n[sm( ) — sm(§)] + (n —1)[sin(= 5 ) — sin(— 5 )]
(n—2) [sm(%ﬂ) — sm(%)] + -+ 4 3[sin(n — Z)z — sin(n — g):n)]

cos(kx) — cos(k + 1)z
-y
* (n+1 sm(g){ nsin( +Z 2sin(%) }[*]
n 1
—1- . 1
—— + 2n+ 1) sin?(Z) [COSCL‘ cos(n + )x}

2sin?(%) + cosz — cos(n + 1)z
- 2(n+1)sin?(%)

~1—cosz+cosz —cos(n+ 1)
N 2(n+ )smz(%)

_1- cos(n + 1)z

2(n+ )sm (2)

1— (1 —2sin?("50e))

T 2 1)sin?(3)

1 ()
n+1 sin()

In the step [#] the following manipulations were employed:




1 1
cos(k+ 1)z =cos(k+ = + =)z

2 2
1 1
=cos(k + 5)35 cos g —sin(k + 5).@ sing (16)
. 1 . 1 x
cosin(k + i)x sin o =cos(k + 5)1‘ cos o — cos(k + 1)z
Also,
1 1
kz =cos(k + = — -
cos kx = cos(k + 5 2)3:
1 1
=cos(k + 5)1} cos g + sin(k + §)x sing (17)

1
cosin(k + i)x sing =cos kx — cos(k + 5):6 cos g

Adding (16) and (17) we then have:

cos kx — cos(k + 1)z

in T
251112

sin(k + %)x = (18)

In his textbook Kérner proves ([4], page 7) the positivity of the Fejér kernel by a third
method that is more indirect than the two methods already given. He starts the deriva-
tion with the following proposition:

n n

3 (41— |rf)e = (Zewf*%)ﬂc)z (19)

r=—n k=0

That this is so is not immediately obvious and, typically, he gives no hint. It is un-
doubtedly one of the many little mathematical ’engines’ that Cambridge Tripos stu-
dents (Korner ’s audience) would be familiar with. Let us consider the following poly-
nomial:

put) = (o)’ (20)

k=0

We can play with some low values of n to get the following format which looks like
Pascal’s Triangle:



(«0)? =[1]

(1+2)? =[1]+[2]w +[1]?
)
)

21
1 +z+22)2 1]+ 2] + 3] + 23 +[1]* (21)
(L+a+22+ 252 1]+ 2 +[3]e? +[4]® + [3]* +[2]° +[1]2°
Thus we guess that for n > 1:
n 2n
pa(x) = (k+ 1"+ > 2n—k+1)* (22)

k=0 k=n+1

This is proved inductively as follows. The proposition is true for n = 1:

pi1(z) = 1+ 22+ 22 while ;o (k+1)a* + 3275 (2— k+1)2F = 1+ 22 + 22, Assuming
the proposition is true for any n we have:



k=0 k=0
n

(k4 1)zF + Z on —k -+ 1)z” +22$k+"+1+x2"+2
k=0 k=n-+1 k=0

using the induction hypothesis

n 2n+2
= Z(k‘ +1)zF + Z 2n — k -+ 1)z® 4 na™ T 4 2202 4 opntl 4 o Z:ckJrnH 4 g?nt?
k=0 k=n-+2 k=1
n+1 2n+2
=Y (k+1)a"+ Y @n-k+1)2" +22xk+n+1+2x2n+2
k=0 k=n+2 k=1
n+1 2n+2 2n+1
=D (k+Da"+ Y @n—k+1)ab+2 Y ab 222
k=0 k=n+2 k=n+2
k+n+1—=k
n+1 2n+2 2n+2
:Z(k—f—l)xk—i— Z(Qn—k—l—l)xk—l-? Z zk
k=0 k=n+2 k=n+2
n+1 2n+2
Zk+1x+ 2(n+1) —k+ 1]z*
k= n+2

(23)

Hence the proposition is true for n + 1. We can now apply this general result to

< > k=0 ei(k_%)m) 2:

10



2n
:efmx< (k+ 1)t + Z [2n —k + 1]@““”)

k=0 k=n+1 (24)
n ' 2n ‘
=3 (k+1)emr 4 3" [2n — k+ 1]/t
k=0 k=n-+1
low high

The coefficient of €™ for 1 < r < n comes from the ”high” representation in (24) so
that &k —n = r. Hence the coefficient is 2n —k+1=2n—(r+n)+1=n+1—r.
Similarly the coefficient of ® for —n < r < —1 comes from the ”low representation”
sothat k—n=randsok+1=n+r+1=n+1—|r|. When r =0, k =n and the
coefficient of €? is n +1 =mn+ 1 — 7. So in all cases the coefficient of ¢ is of the form
n+1—|r|

n

. . 2
Hence Y (n+1—|r|)e" = (ZZ:O ez(k_f)x) . We can now derive the desired result

rT=—"n

as follows:

Z (n +1- ‘TD ire _ 1 ( ez(kf%)x)Q
= n+1 n+1 —
]. ( _inz n ik 2
()
n+1 —
()
n+1 1—ew
1 ine o z(n;l)z e’b(n;rl)z _ ez(ngl)z ez(n;rl)z))2
n+1 (63 e 2 —e2 e?)
) ) 9
1 _inTx i(n-;l)ac (e_l(n-gl)x — el(n—gl)x) (25)
= e e - - -
n+1 6%(67%—6%)

—2i sin({n4Dr) ) i

—2isin()

sin(—("él)x) ) i

_i(n+1)x i(n+1)x 2
_ 1 e 2 —e 2
n+1 6_% — e%



4  Fejér's Theorem

(1) If f: T — C is Riemann integrable then, if f is continuous at ¢

n+1

oulfit) = 3 (”“‘") frye = 1) (26)

r=—m

(2) If f: T — C is continuous then

on(ft) = Z (W) f( Ye™ — f(t) uniformly on T (27)

r=—n

5 Proof of Fejér 's Theorem

In what follows we will work on [—, 7] rather than T. Given that f is Riemann integrable
we have:

“ n+1—|r A ir n+1 r —irz ir
Un(fvt):_z_ <n+1|‘>f(7“)€t:TZ < n+1’|>2ﬂ'</ f dx>et

=—n

_1 [ o e el T
_27r/ f(@;( 1 )e dx

—T

1 ™
- /7r F@) Kt — @) da
(28)
The Fejér kernel is:
. n+1-— |T‘ ire
Kn(x)= ) (n+1> e (29)

Note that (28) is a convolution with the Fejér kernel and the function f.

12



By making the substitution y =t — x we can show that:

on(fit) = f( VKn(t — 3) da

27
o [ vy

1 t+7r (30)
= f(t—y)Kn(y) dy

/ft— dy

Hence as noted earlier we are justfiied in working with [—m, 7]. The graphs of K5(x), K(x), K15(z), Koo(z),
Kos(x), K3p(z) are as follows.

As n increases the K, (z) peak more around 0 ie the product K, (x)f(x) tends to localise
to f(0 ) Visually, the decay of K,,(x) for n large suggests that
on(f,t) f f(t Kn(y)dy =~ %fi(s f(t — y)Kn(y) dy where 0 is some small

13



positive number. Because f is continuous in a neighbourhood of ¢ and ¢ is small, f is
essentially constant in [—4, §] and so we can make the following estimate:

é
n(f0 5 [ FE= 0K dy

0
=1 (;ﬁ | dy>

~ (1) < I dy)

2 ),

(31)

=1

Soon(fit) = f(t)

In (28) the penultimate step is justified because most of the mass of K, (x) is concentrated
in [—d,0]. The formal proof essentially replicates these steps with the usual deference to
€,0,N.

5.1 Properties of a 'good’ kernel
The Fejér kernel has three properties of a good kernel (see [5] pages 48-51 for a general
discussion):

1.
Ky(x) >0 for all z € [—7, 7] (32)

We have already established this much.

1 s
o /7r K,(z)dx =1 (33)

This was used in (32) and is proved as follows:

14



n+127 J__ n+1 27 | ar (34)
r=—n,n#0
=1
n . e
(n+1—|r]) 1  2isinnr
-1 il
+ Z n+1 2w i
r=—n,n#0
=0
=1
Following ([5], page 48) the more general property of a ’good’ kernel is that:
s
dM >0 such that for alln > 1, | Ky (z)|de < M (35)

—T

Because of the positivity of K, (z) and (29), (32) clearly holds. However, (34) is violated
by the Dirichlet kernel since [™ |Dy(z)|dz > clog N as n — oo (see [2]).

3.

The third property of the Fejér kernel that we need is a uniform convergence property
defined as follows:

K, (z) — 0 uniformly outside [—4, d] for all 6 > 0 (36)

In a more general context, where the kernel can oscillate between positive and negative
values we replace K,(z) by |K,(z)|. Since § < |z| < 7 we have that § < % < § and
SO sin% < sin g (draw a diagram to convince yourself) . Thus we have the following

estimate:

15



n+1 sin(%)

2
SR (37)
n+ 1\ sin(§)
2
1 1
< —0an—o0
n+1 Sln( )

With these prelimiinaries we can now prove Fejér’s main result which is that if f is
Riemann integrable on [—m, 7| and continuous at ¢ € [—m, 7] then o(f,t) — f(t) as
n — 0o. As a general rule, the way to approaach such proofs is to construct estimates
of the "hump” and the "tails” ie fii G(z)dx + fmé[—é,é} G(z)dz. Usually uniform conti-
nuity /convergence and continuity are used to show that the second integral (the ”tails”)
is small while continuity and boundedness figure in showing that the first integral ( the

"hump”) is small.

Since f is Riemann integrable on [—m, 7| it must be bounded:

dM > 0 such that |f(z)| < M for all x € [—7, 7] (38)

Continuity of f at ¢ means that for any e > 0 we can find a 6 > 0 (which depends on ¢
and €) such that:

@)= f(O)] < 5 for o —t] <6 (39)

The uniform convergence property of K, (z) ensures that we can find an NV such that:

|Kn(2)| < ﬁ for all = € [~4,0] and all n > N. (40)

Note that N will depend on ¢t and €

We also know that because of the positivity of K, (z):

‘/ K dx’</ |dx—/ Ko(x)de < | Kn(z)de (41)

—T

The fact that 5 f K, (x)dx =1 is used below in the first and last lines.

Using the convolution formula for K, (z) we have:

16



7u(5.8) = O |y [ f0 -2 Kata)dn = 5 [ Kol 1 (0]
_ % 7; (£t =) = F() Kn(w) da
222_iU@—@—f@DKM@Mﬂ+b;Aﬂ%ﬂO@—@—f@DKawmﬂ
hump tails
€ 1
5% 6‘Kn(l‘)‘d1‘ + % [55]‘[( (2)|dz

using continuity assumption \f(t—x)—f(t)\§|f(t—x)\+|f(t)\§2M

€ €

< K, (z) dx LM / = dz

22 / et o0] M
N—_————

uniform convergence property

IN

(42)

The final part of Fejér’'s theorem is to prove that if f is continuous on [—m, x| then
on(f,t) = f(t) on [—m,w]. The only difference in the proof of this and the proof just
given is that we move from a pointwise point of view to a global point of view. Because f
is continuous on the compact interval [—m, 7] it is uniformly continuous on that interval.
This means that where in the earlier proof the choices of 6 and N were dependent on
both t and €, but because of the uniform continuity the dependence on ¢ no longer applies
-0 and N only depend on e.

6 Rates of convergence

A classic beginner problem in Fourier theory is to calcuate the Fourier series for a plucked
string. The plucked string can be represented as follows:

W) =5 —le| 0<|e|<m (43)

17



The Fourier coefficients are given by:

hr) = /7r h(t)e=ir dt

:% .

1 0 . m .
=— h(t)e "t dt h(t)e rt dt}

5 { [ e tans [Cnioe

1 ™ . .
:/ h(t)(ezrt+e—zrt)dt

27'(' 0

1 s
=— / h(t) cosrtdt

™ Jo

! /W(Tr t)cosrtdt 44
=— - — T

G (44)
:1{(7r_t)sinrt]7r+1/“ sinrtdt

Tl 2 r lo m ) T

1 vy
:/ sinrt dt

™wr 0

1 s
:?[—cosrt}

T

1 0 if r is even but # 0
=—5[-cosrmr+1] =4 , S

r p— if r is odd

Note that h(0) = L " h(t)dt = 0 due to the fact that h(t) is even. Clearly then
2m ™

Zf:_nm(r)] converges and it is a fundamental result of Fourier theory (see [4] page 32)

that S, (x) — h(z) uniformly on [—m,7].

If we approximate h(z) by S,(h,z) = >."__ h(r) e dt (see (1)), how good is that
approximation? If, instead, we use the Cesaro sum, is the approximation better or
worse? Chapter 10 of Korner’s book [4] gives the detailed derivations surrounding rates

of convergence of Sy, (h,z). He shows that:
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2
[h(x) = Sn(h, z)| < P )

2
w(n + 2)

(45)
h(0) — Sn(h,0) >

The moral of the story is that while it may be possible to get reasonable accuracy for
low values of n, to get very high orders of accuracy can involve hundreds of thousands
of terms in the series since the convergence can be slow for many functions. In addition,
as Korner shows in Chapter 33 of his book ([4], page 37) "no trigonometrical polynomial
of degree n, of any form, can be a very good uniform approximation to h”.

We know from Fejér’s theorem that the Cesaro sum converges uniformly on [—7, 7] ie
on(h,x) — h(x) and it is useful to compare the convergence rates of the two forms of
summation. The usual sum is given by:

_ Z iL eire Z el

_ il —zr:c Z il zm: (46)

- 2 : - 2 ;
— —i(2k+1)x 1(2k+1)z
Z T2k +1)2° Tl rerre©
4cos(2k + 1)z
m(2k +1)?

k=0

The Cesaro sum is given by (see (27) ):

1
o

1 [ ( 1) sin(n+1)($_t) th
“or n+1 sin(%+ t)

oo (o) = / O Ko — 1) dt

2

Using Mathematica we can graph both Sy(h,z) and o, (h,x) for various values of n
on [—m, ] and compare with h(x). For the low value of n = 2 the two graphs look like
this:

19



Clearly oy(h, x) is a poorer approximation at this low order of n. How poor can be seen
from the following graphs which show the absolute value of the deviations between the
sums and h(z). Thus:

s "\ 4cos(2k + 1)z
alhoz) = |2 — o] = 3 X 4
dsumy, (h, x) 5 || 2 Tk 1) (48)
and
dsigmay(h,z) = g — |z| = op(h, x) (49)

The corresponding deviation graphs for n = 2 are as follows:

It is clear that the Cesaro sum is converging more slowly.
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dsumy (h, x)

0.10F

0.0EL

0.0

dsigmay (h, x)

T IR I \\\\\\\\X

-3 -2 -1 1 2 3
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For n = 20 and n = 100 the comparative graphs are as follows:

Szo h, X)

LNy,
1 2 3

-3 -2

dsumyg (h, X)
0015

0.010F
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dsigmay (, X)

TN S S R N X
3 2 A 1 2 3
Stoo (h, X)
TN R S R R \\\\\\\\\\\\\\\X
3 2 1 2 3
=051
-10r
_15,
Il L Il X
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dsumigo (h, X)
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0.0025
0.0020F
0.0015F

0.0010

0.0005
L. N . ; e .‘_J '
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dsigmagq (h, X)

0.04F
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