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1 Introduction

Laplace transforms are used in the context of solving differential equations because
they effectively simplify things by using the properties of Laplace transforms to
reduce calculations to much simpler algebraic calculations. Laplace transforms
are also involved in determining the asymptotic behaviour of functions. A classic
example of this is Renyi’s famous parking problem. One version of this is set as a
problem in [1], page 76 as follows:

“Motor cars of unit length park randomly in a street in such a way that the
centre of each car, in turn, is positioned uniformly at random in the available
space. Let m(x) be the expected number of cars which are able to park in a street
of length x. Show that:
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It is possible to deduct that m(x) is about as big as 32 when x is large.”

It is amusing to note that Grimmett and Stirzaker say in [2], page 219 that

“Laplace transforms are the key to exploring the asymptotic behaviour of @ as

x — 00. Alas they don’t provide the key to unlock the door and there is a reason
for that — it is a difficult process and hence there are many research papers dealing

with ways of determining “Renyi’s constant”.



For current purposes what I want to do is showcase an integration problem
12260 from the American Mathematical Monthly [3]. The problem was posed by
an Australian mathematician (who now teaches in Saudia Arabia) and was as fol-
lows:

“Prove:

dr = 5 log 2 (2)
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This problem immediately caught my eye because there was no 7 in the solu-
tion and yet from Fourier theory fooo % dr = fooo (%)2 dr = 7 so I thought it
was interesting m was missing from the answer.

The solution published was:

The Laplace Transform Simplifies an Integral
12260 (2021, 563). Proposed by Sedn M. Stewart, Bomaderry, Australia, Prove
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Solution by Tewodoros Amdeberham, Tulane University, New Orleans, LA, and Akalu
Tefera, Grand Valley Stare University, Allendale, ML The Laplace transform £ defined
by LI F1(s) = [, fir)e " di has the property

f Filxglxrdx =f LUy £ e)is)ds.
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Applying this with f(x) = sin® ¥ — xsinx = 1/2 — (1/2)cos(2x) — xsinx and g(x) =
1/x* leads to
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Also solved by L. Abel & V. Kushnirevych (Germany), K. F. Andersen (Canada). M. Bataille (Framce).
A. Berkane (Algeria), G. E. Bilodeau, K. N. Boyadzhiev, P. Bracken, B. Bradie, A. C. Castrillén, H. Chen,
C. Degenkalb, A. De la Fuente, H. Y. Far, G. Fera {Italv), A. Garcia (France), M. L. Glasser, R. Gordon,
H. Grandmontagne {France), G. C. Greubel, M. Grivaux (France), P. Haggstrom (Australia), L. Han (US) &



The crux of this solution is the property of Laplace transforms:

/0 " Ha)g(a) de = / " LLA(s) £ g (s) ds 3)

Widder gives a proof of this relationship in [4], pages 474-5. He supposes an
integral of the form:

/0 " F(s)0(s) ds (4)

where f(s) = L(¢(t)) and g(s) = L(¢(t)). Thus assuming the order of integra-
tion can be interchanged we have:

/O°° flshls) ds :/OOO ¥(s)ds /OOO d(t)e " di
:/OOO o(t) dt /Oooab(s)e—st ds (5)
/OOO U(s) L(o(t))ds :/Ooo é(s) L((t)) ds
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Once the decomposition of f(z) = sinz — rsinz = 5 — 5 cos2z — xsinx and
g(z) = 93—13 is done the Laplace transforms are easy to work out by tedious inte-
gration by parts. If you are ”in the zone” with Laplace transforms you can reel
them off easily. But when you add all the pieces together the Laplace transform
technique adds up to a fair bit of work if you are rusty on Laplace transforms. I

will set out some of the pieces below.

The Laplace transforms in the solution generally require two iterations of in-
tegration by parts to resolve. For instance:



L[cos 2z] = / cos2x e dx
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Standard Laplace transform results for sin z and cos z are used to work out the
transform of zsinz. Thus L[sinz] = 515 and L[cos ] = &5 which are obtained

by double integration by parts.

Si;”“ dx by writing

It is interesting to note that one can use (3) to integrate fooo
®© ds __ co__ T
= arctan s|3°= 7

it as [("sinz. tdr = [F 25 1de = [7 185
L[z sin z] involves multiple integrations by parts with the first one using dv =
sinz e ** dx so that one needs to find v = [ sinz e ** dz. This turns out to be:

(7)

—ST
: —sz e :
sinze *dr = — 5 [cosx+351nx]
s2+1

2s

So that ultimately L[z sinz]| = e

Laplace inversion in its most general context involves complex variable theory
and the inverse looks like this:

1 Yoo
e flo +i€) dg (8)
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Alternatively there is another formula which is used for inverse transforms. If f
is a continous function on [0, 00) and which satisfies a growth condition explained

below you can recover it from F(s) as:



£(t) = tim S (E>k+lF<k>(E) (9)
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for t > 0 where F'®) is the k' derivative of F.

The growth condition ensures that the function f is of exponential order in the
sense that for some b € R the following condition holds:

[f (@)
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sup
>0

< 00 (10)

This ensures that the Laplace transform exists for all s > b and is infinitely
differentiable with respect to s for all s > b - see [5] section 19.

In the solution we only need to find £7'[](s) so we don’t need (9). If you were
capable of getting to the original set up you would know this inverse transform,
look up a table or work out with a straightforward induction that:

.c[q _ =t (11)
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and from this you can deduce £7'[%](s) = %

In order to get the nice log results you first have to simplify (% — M) %
and then do a partial fraction decomposition of (52% X % = ﬁdﬁ When you

put all of the details together which are omitted from the published solution, there
is quite a bit of work involved if you aren’t in the Laplace transform ”zone”.

The practical realities of using (9) to invert the transform can be appreciated
by a simple example based on (11). Suppose that F(s) = n!s™ ! . Then it is
easy to show by induction that:

F®(s) = (=1)%(n + k)ls7 k1 (12)

So using (9) we have the following:
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Because the Laplace transfrom is linear we have:

£l =
o[£ -2 h

which is (11).

2 My solution

Here is what I submitted for a solution.

We first note that the integrand does not blow up at x = 0 and is in fact con-
tinuous there with value 0. This can be established by multiple use of L’Hopital’s

rule in the % form at * = 0 or by simply doing a power series expansion of
o _aB 2% b
sin’ Losint — Smx(j‘;z’x) ~ U7 +"')3£33! st simplifying and taking the limit..

The integrand is thus clearly continuous and hence bounded on [0, R] for any pos-
itive R (indeed decays to zero as x — o0). Thus the integral exists. We next
perform integration by parts with » > 0 on the following two integrals:

/OO SiIl2 T — CL’SiHI dm _ /oo Sin2 X dx B /OO sin217 d:[‘ _ [1 . 12 (15)
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sin?r  sin2r 2 cos 2x
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B sinr  sin2r > cosx

22 * 2r /2

*®sinx
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Thus we have that :

sin?r  sin2r > cosx sinr * cosx
.[1 — .[2 = + + dx — - dx
2 r
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(16)

(18)

The three sine limits in (15) in aggregate approach % +1-1= % asr — 0 and

we only need to determine the behaviour of:
*° cosx * cosx I cosw
/ dx — / dr = / dx
2r x r T r T

Now using the power series for cosz we have:

2r 2r 2 4
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2r 2r 2 4
1 T T
2r 2 4
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Butfr2r<—x—Q—I—é+...>dm—)Oasr%Osinceforr<1:

as r — 0.
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<_§+4|+ )‘dw</r ldx =r (21)
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where one can either bound ‘ ( — “27—? + Z—T +... ) ‘ by a geometric series > -

n=1 2"
which sums to 1 or use the Cauchy or Lagrange form for the remainder.

3 Comments

This particular problem is amenable to the Laplace transform technique and does
not require much work if you are across the theory, however, one can imagine other
seemingly ”simple” integrals where the transform method could involve relatively
more work. Its attraction is that it gives a purely algebraic solution while the
alternatives may involve complicated limit arguments. In any event the Laplace
transform method certainly has a role in problems such as Renyi’s parking problem
but that is another story.
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