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1 Introduction

In a previous paper ([1]) I sought to give some intuition behind the Fourier and Laplace
transforms. This paper seeks to add a further dimension to the understanding of the
Fourier transform by taking the heat equation as a specific vehicle for illuminating some
of the concepts. In what follows I use the term "Fourier transform ’ to encompass what are
in fact Fourier integrals which are nothing more than a species of trigonometric integrals
since the Fourier transform ffooo f (x)e_%mg dzx in its exponential form is simply the sum
of sine and cosine integrals.

2 The heat equation problem - discrete eigenvalues

For simplicity we start with this basic set up. Our temperature in space and time is
u(x,t) and it satisfies the following conditions:

ou(z,t) _ 0?u(x,t)

(1)

ot Ox?
with boundary conditions:
ou(0,t)
oxr 0 2)
ou(l,t)
oxr 0 (3)

This problem gives rise to discrete eigenvalues and it can be shown (see Appendix
1 for all the gory details) that a sequence of functions u,(z,t) = e*™t cosnra for
n=0,1,2,3,... satisfy (1)-(3).

This needs to be quickly checked:



0 t
duiz,t) _ —n?r2e ™t cosnma (4)
ot
auéx,t) = — nre ™™t sinnrr
(3211,(; t) 2.2 <5)
—— L = p2r%e T cosnme
Ox?
Checking the boundary conditions:
ou(0,t
u(;m, ) _ —nre ™ sin0 = 0 (6)
ou(1,t
uél") = —nme ™™ sinnm =0 (7)

Now there are theorems that allow us to say that any linear combination of the w,,
is a solution to the problem:

oo
2.2
u(z,t) = g cne T cosnma (8)
n=0
where the ¢, are constants.

Now let us just assume for the moment that we have a solution to the heat problem
which is a function of a continuous parameter v. This is mathematically promiscuous
but nevertheless productive as we will see. Thus our basic solution looks like this:

u(z,t) = e cosva 9)

where the constant is assumed to be 1.

If we now integrate with respect to the parameter v between —oo and oo our infinite
linear superposition solution (8) looks like this for ¢ > 0:

[e.e]
u(x,t) = / e V" cosva dv (10)
—0c0

Now if you can differentiate under the integral (and you can in this case - see the
Appendix in [2] ) you can see that (10) is indeed a solution:

ou(z,t) [~ 2
R v —/ ve Y 'sinvedy (11)

—00



2 t o0
82(;’) = / —v? et cosva dv (12)

and this equals:

8ug? 2 = / —v% et cosva dv (13)

Thus (9) satisfies (1).

We need to check that (10) satisfies the boundary conditions:

t o0
8u({()(;, ) _ /_OO —ve ™ tsin0dy =0 (14)

and this boundary condition for ¢ > 0:

1,¢ o
Qull,1) —/ —ve sinvdy =0 (15)
ox oo
because [*7 —v e sinydy = —%ﬁe‘ﬁ and the discussion around (27).

Thus the artifice of moving from an infinite linear superposition to an integral trans-
form seems to work. It in fact allows us to show the following:

o z2
u(x,t) = / et cosva dy = \/?e_u (16)
- t

To do this integration let:

2 2 z
vit=XA and a = — 17
N an)
then:
d\
cosve = cos A\a and dv = — (18)
Vi
Hence:
/OO et eosvr dy = iJ(oz) (19)
oo Vit
where:

J(a) :/ e cos AavdA (20)

We can differentiate J(o) with respect to o under the integral sign (the integrand is
well behaved enough for this ) to set up a differential equation that we will solve to get
J(a). Thus we have:



J (o) = —/ Ae ™ sin AavdA (21)

—00

Equation (21) screams for integration by parts as follows:

J (a) = —/ Ae™ sin AovdA

o 1
:/ sin Ao d(ie_)‘Q)

1 1 [ (22)
:[—6_)‘2 sin)\a‘oo —/ ae™™ cos Aa dX

2 —o0 2 J_ o

=0
:—%ﬂ®
We can solve (22):
o2
J(a) = Ae™ T (23)

for some constant A. But

me:/mekﬂuzvﬁz:>A:v% (24)

— 00

Hence we have our solution from (19) using (17):

e T (25)

ou(z,t)  x |7 a2
or %\/;e ) (26)

Ju(1,t) I T
B —‘Qt\/}f b (27)

which holds for all ¢ > 0, and it can be seen that when t is near zero the RHS of

(27) is very small ie approaches 0. When ¢ is large the RHS behaves like _2‘/; and this
+2

so 2404 — 0 while:




goes to 0. For small ¢ the behaviour can be seen more formally by letting ¢ = % and
3
letting n — oo so that ¢ — 07. In that case the RHS of (27) becomes _\[Tmﬂe_% and

this rapidly approaches 0 because the exponential dominates n2. For instance when
t = 0.001 the RHS of (27) is —7.48039 x 107195, So condition (3) is satisfied for all ¢ > 0.

Standing back from this we took a discrete eigenvalue problem which gave us an
infinite linear superposition of solutions and we essentially treated that as a continuous
integral in quite a cavalier fashion without any of the approximation arguments referred
to in [1]. But it worked!

3 The heat equation problem - continuous eigenvalues

We now turn to a problem which involves continuous eigenvalues. The set up is as
follows:

ou(z,t)  0*u(x,t)

5 = 9.2 forz > 0,2>0 (28)
with boundary conditions:
u(z,t) =0fort >0 (29)
|u(z,t)| < M for x > 0,t >0 (30)
where M > 0 is a constant, and
u(z,0) = f(z) for z >0 (31)

Replicating the separation of variables approach we are looking for U (z,t) = X (z)T(t)
and to achieve the boundedness in (30) we require that X (z) and 7T'(t) be bounded to
ensure that linear combinations of their product are bounded. This gives rise to the
following:

X" (2) 4+ AX(z) =0 for 2 >0 (32)
X(0) =0, and |X(2)| < M; (33)
T'(t) + AT(t) = 0 for t > 0 (34)
T(t)] < My (35)

where My, M5 are constants.



Solving (32) subject to (33) as usual (assuming A # 0 so we get non-trivial solutions)
we get:

X(x) = acos VAz +bsinVAz (36)

for constants a, b.
Now X(0) =0 = a=0s0:

X(z) =sinvVAzx (37)

where b = 1 for convenience. Now if VA is complex, ie VA = ¢ + di where ¢,d € R,
we will not get a bounded solution for positive . To see this we express sin vz in
exponential form as follows (noting that |e?| = 1 for all 4 ):

eiletdi)z _ —i(ct+di)x

sin Vx| =

2i
|€7che—d1’ _ e—icxedac‘
2
|6icac€—dz| . |6—icac€dz|
>
L 2 (38)
|€zc:c| ‘e—dx| _ |e—zcx‘ |edx’
- 2
‘efdx’ _ ledx’
- 2
e—dw o edx
= since the exponentials are both > 0
—dz___dz
Irrespective of whether d is positive or negative, % grows exponentially and

thus sin v\ z is unbounded.

From this it follows that v/ = o must be real and positive (if it is negative, because
sin —ax = —sin ax the sign just gets picked up in a constant of superposition ). Thus
sin ax is bounded.

Thus we have that the eignevalues A\ = a?
functions.

are continuous and sin ax are the eigen-

The corresponding functions for 7'(t) are (see Appendix 1):

T(t) = et (39)



Clearly (39) is bounded.

Now we invoke our promiscuous technique for using an integral over the continuous
positive parameter « to get a generalised linear superposition of the products X (z)T'(¢)
which will be our solution:

u(x,t) :/ g(oz)e_o‘276 sin ax do (40)
0

which must satisfy all the boundary conditions so that we must have the following
from (31);

f(z) =u(z,0) = /000 g() sinax da for z > 0 (41)

Equation (41) will be a Fourier sine integral representation of the function f if we
have:

g(a) = fr/ooo f(&) sinagd for a >0 (42)

(see [3], pages 113-119). For more details see Appendix 2.

Our solution to the problem therefore looks like this, at least formally:

u(x,t) = 2 /OO e ! sinaz /00 f(&) sinaf d€ da (43)
0 0

™

To solve (43) we note that:

2sin ax sin € = cos[a(x — £)] — cos[a(z + &)] (44)

so (43) becomes the following after we exchange the order of integration (this is
justified by Fubini’s Theorem which certainly applies to the functions at issue in the
integrals we are looking at. For a proof of Fubini’s Theorem in the general Lebesgue
context see [4], 79-89):

- do d€ (45)

uey = [ [ [ (coslat — &)]  cosfaz + )

To perform the inner integral in (45) we use (16) but note that since the integrand
in that case is even we need to halve the answer, ie:

o0 12
et cosvrdy = |~ e it (46)
- t

implies that:



i 1 o2
/ e V"t cosva dy = \/Fe_éit (47)
. 2\ %

Hence (45) becomes:

(z—8)? (a+¢

1 & _ _(=+8)?
2\/%/0 f(g)[e il _ il ]dgfort>o (48)

u(x,t) =

4  Conclusions

As can be seen from the development of the solutions to the heat equation in the discrete
and continuous eigenvalue cases, the use of a Fourier integral or transform actually arises
from the process of solving the differential equations ( which were Sturm-Liouville type
problems ). This use of integration was already well understood in the 18 century in
a practical sense even if the theory lacks the insights of this century. The motivation
of the Fourier transform was and is the solution of differential equations and that is its
basic motivation.

5 Appendix 1

To solve the system set out in (1)-(3) we use the method of separation of variables where:

Uz, t) = X (2)T(t) (49)
This leads to:

aUgs’“ = X (2)T(t) (50)

2 x "

TILD _ X" (@yre) 51)
and

ou(z,t) /

= X@T () (52)
Thus:

X"(2)T () =X ()T (t)
X' () _T'(t)

(53)

ie

X(z) T

The last line of (53) is based on the fact that the left hand side is a function of x
alone and so cannot vary with ¢ while the right hand side is a function of ¢ alone and



can’t vary with x. Their common value is a constant —\ which we have to investigate.

From: oU(0.1)
. 0 (54)
we have that:
X' (0)T(t) =0 (55)

which holds for all ¢ > 0. If we want something other than the trivial solution
U(z,t) =0 then we have:

X' (0)=0 (56)
Similarly, from:
oU(1,t)
=0 57
Ox (57)
we have that:
X ()T() =0 (58)
and so have:
X'(1)=0 (59)
We now need to solve:
X' (2)+AX(z) =0 (60)
subject to (56) and (59).
A general solution is:
X(x) = acos VAz +bsinVAz (61)
Since:
X'(z) = —aVAsinVAz 4+ bV Acos VA (62)

Hence X /(0) = 0 implies that bA = 0 and since we are assuming A # 0 we must have
that b = 0 and so (taking a = 1 for convenience without any loss of generality in what
follows):

X(x) =cosVAz (63)

Note that of we allowed A\ = 0 then we would get linear solutions for X (z) and
T'(t) and that ultimately leads to a trivial solution for U(z,t) taking into account the
boundary conditions (convince yourself by going through the detail).



From (59)and (63) we have that:

X' (1)==VAsinvVA=0 = VA=nrforn=1,2,... (64)

Thus our discrete eigenvalues are:

A=n?r?forn=1,2,... (65)

and so

X(xz) =cosnmx (66)

From (53) we see that the general solution to:

T _
T -2 (67)
T(t) = ce ™ = ce (68)

for some constant ¢ which, for convenience, we take as 1. Thus our solution to the
problem (1)-(3) is:

—n?7n3t

up(x,t) =e cosnmz forn=1,2,... (69)

as advertised earlier.

6 Appendix 2

Under suitable assumptions we which don’t need to worry about for the purposes of this
paper (but see [3] sec. 51 for details ) f(x) can be expressed by the Fourier integral
formula as:

fa) =2 [ [ H@eoslate - o) deda (70)

for —oo <z < o0.
(70) can also be written as:

f(z) = /OOO[A(Q) cos ax + B(a) sin azx] da (71)

where:

10



A = | 7 H(©) cosa de
o (72)
B) =1 [ f(sinag e

If f(z) is an odd function then f(&) cos a& and f(£) sin a& are odd and even functions
of £ respectively. Hence we will have:

Ay = | " f(©) cosag d = 0

i . (73)
Bl) =1 [ f(@sinacds =2 [ f(sinag it
™ J 0o m™Jo
and so we get the Fourier sine integral formula:
2 [ > .
flx)=— / sin a:L‘/ f(&) sinaf d€ da (74)
T Jo 0
The analogous Fourier cosine integral formula is:
2 o oo
flx)=— / CoS a:r:/ f(&) cos ag d§ da (75)
T Jo 0

If f(z) is only defined for z > 0 we can make it odd, for instance, by defining it to
be equal to —f(—z) when x < 0 so that f(—z) = —f(z) for all x.
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